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Abstract

Mathematical modeling of a communicable disease is an effective way
to describe the behavior and dynamics of the disease. It builds on our
understanding of the transmission of a contagion in a population. In
this paper, weexplore the transmission dynamics of the polio virus
(poliomyelitis) with vaccination using standard methods. We formulate
an unconditionally stable Non-Standard Finite Difference (NSFD)
scheme for a continuoussystem of the epidemic polio virus. The
designed scheme to approximate the solution is bounded, consistent
with the underlying model.The proposed numerical scheme preserves
the positivity of the stated variables which is necessary for any
population dynamical system.It is used to calculate the numerical
solutions of the epidemic model for different step sizes “h”. Two other
numerical schemes are enforced to find the solution of the
proposedsystem.Finally, the comparison of the NSFD technique with
these methods proves its validity and effectiveness.

Keywords: convergence, mathematical modeling, Non-Standard Finite
Difference (NSFD) method, polio virus, vaccination

2010 Mathematics Subject Classification: 65P99, 39A30, 92B99
Introduction

Infectious diseases are caused by pathogenic microorganisms such as
bacteria, viruses, parasites and fungi. Tuberculosis, influenza, and polio
are some examples of infectious diseases. These diseases are also
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known as catching or transmissible diseases. Polio, biologically named
as poliomyelitis, is a disabling and lifelong disease for human beings
which can spread rapidly. It is an epidemic which spreads in the human
population from person to person [1]. It damages the human spinal
cordwhich limits the mobility of a person. In biological terms, this
situation is called paralysis. In the beginning of the 20"century, polio
became afrequentdisease in the developed countries and thousands of
children were paralyzeddue to it. In the mid-20"century, medical
specialists successfully developed the vaccination for the polio virus.
After the discovery of the vaccination, it was brought under control and
vaccination became easily available in 1955[2].

Poliomyelitis is a highly infectious diseasecaused by the poliovirus.
The word poliomyelitis comes from the Greek words “polios” for gray
and “myelos” for marrow [3]. Polio can spread by direct interaction
with an affected person or any surface infected with the air bone
droplets of the saliva of infected person. In the first stage, polio virus
enters into the infected person through the nose or mouth and then
travels to the guts where it multiplies. In the second stage, the virus
enters into the blood stream where “anti-polio” antibodies are created.
At that stage, the development of the virus is stopped in most cases and
the individual gets permanent protection against the polio virus [4].
Otherwise, the infected person becomes paralyzed or in some cases,
some people die due to this disease. However, in most infections caused
by the poliovirus,there are few typical signs [5].Global efforts to
eliminate wild polioviruses continue, with types 1 and 3 of wild
polioviruses in four countries (Nigeria, India, Afghanistan, and
Pakistan) and producing fewer than 2000 cases of paralytic polio per
annum,globally [6].In fact, 95% ofall individuals exposed to the polio
virus have no signs at all even under common conditions [7,8]. The
remaining 5% of the infected people experience bare signs [9,10]. It is
expected that about one individual of every 1,000 who contract the
diseaseexperience muscular paralysis [7,2].

Polio cases can be divided into the following three types:

e Abortive polio
e Non- Paralytic polio
e Paralytic polio
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In the paralytic type of cases, polio is a minor illness with viral like
signs such as sore throat and fever. Non-paralytic polio
typicallymanifests the symptoms of abortive polio, such as neck
toughness. Most of the patients of non-paralytic polio recover
completely from the disease. However, a small number of infected
people remain infected for the whole life and become paralytic [11].
Some scholars concluded that a small percentage of individuals who do
grow paralytic polio may be physically susceptible to the disease and
the remaining people may have a natural immunity or protection
against the polio virus [12]. In 1953, Jonas Salk created the first
Inactivated Polio Vaccine (IPV) using the virus grown on the kidney
cells of monkeys. In 1954, this vaccine (IPV) was administered on a
huge population of aboutsixteen hundred thousand children in three
developed countries includingUnited States of America, Canada, and
Finland [13]. IPV vaccine was administered all over the USA in April
1955.Consequently, the number of the active cases of poliomyelitis in
the country decreasedrapidly [14]. Albert Sabin, an American
microbiologist, prepared an OralLive-virus Vaccine (OPV) for human
protection against the polio virus. In 1963, an oral vaccine (Sabin’s oral
vaccine) was discovered. It is inexpensive to produce, buy and take,
and it alsocreates‘herd immunity’ in individuals not vaccinated
previously [11]. Polio Eradication Inventiveness was launched at a
worldwide level following a resolution in 1988 by the World Health
Assembly.At that time, more than 1000 kids were paralyzed globally
each day due to polio. Since then, 2.5 billion kids have been protected
against polio. This became possible only by the collaboration of more
than 200 nations and 20 million helpers, supported by an international
investment of more than 8 billion US dollars [15]. There are three
countries in the whole world where the polio virus is still
present.Unfortunately, Pakistan is one of them. Global Polio
Eradication Inventiveness states that six healthy heavens for the polio
virus are found in the whole world.Sadly, four out of these six said
heavens are in Pakistan[16].

Mathematical Model
2.1. Assumptions

¢ The joining and dropping rates for a person in the total population
NareA and y, respectively.
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e The exposed individuals move from the exposed compartmentto
the infected compartment after spending the incubation time
period.

e In the susceptible compartment, those individuals are included that
have contact with both the exposed and infected persons.

e The susceptible compartment also consists of individuals that are
vaccinated at the time of birth and cannot catch the disease for the
whole life.

The total population in the underlying system is partitioned into
four classes namely susceptible, exposed, infected and vaccinated. The
susceptible compartment contain the individuals having the maximum
chances of catching the disease. An exposed individual is the one who
is infected but cannot transfer the disease before the incubation period.
Theinfected compartment contains individuals to whom the virus has
been blown out. Vaccinated individuals have established protection
against the disease.

2.2. Parameters Used in the Model

S = total number of individuals in the susceptible compartment

E =total number of individuals in the exposed compartment

| = total number of individuals in the infected compartment

V = total number of individuals in the vaccinatedcompartment

A = individuals in the whole population

p= natural death rate in the total population

= proportion of catching infection after contact with the infected
population in one unit of time

r=proportion of catching infection after contact with the exposed
population in one unit of time

r= rate of the blowout of infection by exposed individuals

v= proportion of more individuals that move from the susceptible
compartment to the vaccinated compartment

v, = rate at which the exposed individuals are given a vaccine as they
are asymptomatic for polio

B=rate of transferring the exposed individuals to the infected
compartment

a= death rate of all individuals in the population due to polio

The flow diagram given below describes the compartmental
dynamics of the blowout of the polio virus.
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Figure 1. Flow chart of polio
2.3. Transmission Model of the Polio Virus with Vaccination

From the above flow diagram, we can /infer the system of the first order
nonlinear ordinary differential equations given below [17].

dS/dt= A—@SI—rBSE — (u+v)S 1)
dE/dt =pSI+ rBSE —(b+p+vy)E 2
di/dt=(b+ vy )E—(p+ a)l (3)
dv/dt = vS — Vv 4)

The given initial conditions are: S(0) =s, > 0;E(0) =E, >

3. Analysis of the Mathematical Model
3.1. Fixed Points of the Model

The equilibrium points/fixed points can be originated by setting the
equations (1)-(4) equal to zero, then we have

(i) Eo=(

(i) E; = (8% E*, 1%,V"), an endemic equilibrium point

A VA . el .
SE 0,0, " (u+v))’ a disease-free equilibrium point

where
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_(b+u+v1) R

., (b+vy) |
=——E
(p+a)
\Y
V:= -§"
m
whereR = ROV + O} oo asic reproductive number
(u+v) (n+a) (b+p+vy)
R = Ro + Rl
AB(b +v;) ABr

W@ QO+ tvy) (V)b F -ty

The stability of the endemic equilibrium point is determined by
finding the Jacobian matrix of the right-hand side of eq.(1)-(4).To find
the eigenvalues, put det(J] — &) = 0, where

J=Jacobian matrix at the endemic equilibrium point
¢ =eigenvalue
I =identity matrix

Eigenvalues are obtained by solving €3 + cy& + c;€+ ¢, =0

where
A BST
=g+ 0+ (n+ta
, =20y BER 4 rBS*(BI” + 1BEY)

c, = BS*(BI* + rBE"){r(pn+ o) + b + v}
According toRouth-Hurwitz [ 14], the stability of the mathematical
models can be analysed as:
“The equilibrium point (fixed point) is stable when the constants
Co,C1,C; obey the inequalities co > 0, ¢; > 0,cqc; > .7 This
confirms the stability of the endemic equilibrium point for R > 1.
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3.2. Parameter Values

Table 1. Suggested Values of Parameter

Equilibrium A B r Lo \ b «a
points

EE 1000 0.002 0.5 05 0.6 0001 09 0.6
DFE 584 0.001102 0.5 0.78 1.4 0.001 09 3

Using the above values of the parameters, we calculated the values
of the Disease Free Equilibrium Point and the Endemic Equilibrium
Point.

Table 2. Steady States of the Model

Disease Free Equilibrium Endemic Equilibrium Point
Point
R=10.1297 <1 R=17119>1
(SOP EO’ IO’VO) (S*: E*I I*F V*)
—( 0.0 VA ) —( A 1 A [1
(m+v)" " (e +v) (L+VIR' (b+p+vy)

1y (b+vy) v,

- A ’— ) S
RI"'(p+a)  'n )
(So,Eo, 19, Vo) (S*E* 1", V")
= (267.9,0,0,480.8) = (531.04,296.82,243.12,637.25)

3.3. Numerical Method

In the current article, a numerical model of the proposed continuous
model of the polio virus disease comprising a system of differential
equations is constructed. For a positive real number h, suppose that
m=20,1,2,..... and for any timet > 0, we define the time taken at
each grid point byt,,, = mh, where h is supposed to be the time interval
in the partition of the time taken which is fixed for each interval of time.
Also, suppose that S(t), E(t), I(T), V(t) represent the solution of the
state variables at any timet > 0, while S(t,;,), E(ty), I(Ty), V(tm)
are represented by the solution of the proposed system at time grid t,,.
According to the numerical computations, the approximate solutions at
the same given points tghare denoted by S™, E™, I™ and
V™ respectively.

R
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The Non-Standard Finite Difference (NSFD) technique isamong
the discrete versions of the system of mathematical model comprising
the differential equations that obey the rules defined by Mickens and is
extensively used by various researchers [18-20]. The fundamental
theory of this discretization method used for mathematical modelling
wasproposed by Mickens [21]. This technique for approximating the
solutions of various physical systems givesbetter results as compared
to other numerical methods. It is dynamically consistent with the
concerned continuous model and stability. Moreover, this type of
scheme is independent of the grid size and preserves the most important
trait of the dynamical systems, that is, the positivity of the values of the
stated variables. It converts the continuous model into a discrete model.
Mickens presented certain rules for finding the best difference
equations. Here, we construct an NSFD scheme for the mathematical
modelling of the polio spread with vaccination.

First, we make approximation to di, c:;: a and — usmg first order
forward differences.
dS(t) 1
T H[S(t+h)—S(t)]+O(h) as h-0 t=t,
dE(t) 1
G H[E( +h)—EM)]+0th) as h-0t=t,
dl( ) 1
4 - h [I(t+h) —I(t)] + O(h) as h-0 t=t,
dav(r) 1
%=H[V(t+h)—V(t)]+0(h) as h-0t=t,

Using these approximations to the derivatives, systems (1)-(4) can
be written as follows:

gn+1_gn _ A—BSn+1In _rBSn+1En —(u+ v)Sn+1
EMH- BN Bs"I[M 4+ rBSMHIED —(btp 4 v,)EN?
T = (b + VB - (o oI

Vn+l11_vn = ys"tl YNt

Solving the above equations for S"+1, En*1 [0+1and V*1 we have
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S"+ hA
Sn+1 — (5)
1+ hpI™ + hrBE™ + h(u+v)

E" + hBs™*1I" + hrps?t1En

En+1 — 6
1+hMb+pu+vy) (6)
IM1=I“+h®+vQE”1 o
1+h(p+a)
V™ 4+ hyst1
n+1 _
\% B o (8)

Equations (5)-(8) comprise the discrete version of the polio
models(1)-(4)developed by the novel numerical technique, that is,
NSFD.

3.4. Convergence Analysis

In this section, we shall discuss the convergence of the proposed
numerical model. Let us consider

S+ hA

F(S,E, V) =

( ) 1+ hBI +hrBE + h(p+v)
E + hSI+ hrpSE

G(S,E V) = i b
1+hMb+up+v,)
I +h(b+v,)E

H(S,E, V) =

( ) 1+h(p+a

L(SEIV)—V+ hvS

y L - ]_-l-hp

The Jacobian for this system is

OF OF  OF  OFy
s 9E a1 oV
9 G G G
_|as @E a1 av

s O9E a1 9V
oL oL oL oL
Lgs  9E a1 aV-
The numerical scheme given by the equations (5) — (8) will
converge to a fixed point of the system if and only if the absolute value
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of all eigenvalues 2;, i = 1, 2, 3,4 computed from the Jacobin matrix
and related to the given system is less than 1 at the equilibrium point,
that is,|A; | < 1, for i = 1,2,3,4. The Jacobin matrix at disease-free

equilibrium point

A VA . .
(SELV) = ( (MV),O,O, " (MV))ls given by
I 0,0,—2 )
(+v)’ "u(u+V)A N
1 — (5 ha)hrB — (5 + ha)hp
1+ h(p+v) [1+ h(p+v)]? [1+ h(p+v)]?
A A
0 1+ hI'B ((u+v)) hB ((u+v))
= 1+h(b+p+vy) 1+hb+p+vy)
0 h(b + v,) 1
1+h(p+ 1+h(p+oa)
hv 0 0 1
1+hp 1+ hpl
1 1
17 1+ h(utv) <1l 2= 1+hp <1l

The remaining two eigenvalues are given by the matrix

1+hr6(ﬁ) hB((uﬁv))
]* — | 1+h(b+p+vy) 1+h(b+p+vy) .
h(b+vq) 1
1+h(p+oa) 1+h(p+o)

The following lemma is established to evaluate the eigenvalues of

the Jacobian]* related to the proposed model.

Lemma: If the quadratic equation (characteristic equation) associated
with the Jacobian matrix 2> —AA + B = 0 has the roots A;, A,,then
both roots have absolute values less than1if and only if the conditions
mentioned below hold

@1—-A+B>0
()1+A+B>0
(ccB<1

Now, suppose that

A

{@} 25
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Therefore,

N [1+

A = Trace J%,

hrf3 ((

B = Det]".

)][1+h(u+a)]+[1+h(b+u+v1)]

1+h$(m )—

[1+hMb+p+v)][1+h(p+ )]

h* B((u+ v)

)(b +vy)

B =

[1+h(Mb+p+v)][1+h(p+a)]

The above values of A and B satisfy all the conditions of the above
lemma. The absolute value of both eigenvalues of J* is less than 1 for
every value of the step size’h’when R < 1. This shows that the
developed numerical scheme (5)-(8) converges unconditionally to the

disease-free equilibrium point for any value of hwhenever R < 1.

3.5. Numerical Experiments

Using the suggested parameter values given in Table 1, a numerical

example is illustrated below to verify our results.

500

Disease Free Equilibrium (DFE)
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300 T T T T T T T T = NSFD
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4. Results and Discussion

In this paper, we have construed a polio model with the role of
vaccination. It was found that two parameter values R, and R,are
associated with the interactive contact of the susceptible individuals
with the exposed population and with the individuals in the infected
class, respectively. The quantity Ris the sum of the quantities
R, and R;. The basic reproductive number, stability dynamics of the
model and the disease dies out are completely determined by the value
of R. It is visualized that when R < 1, the behavior of the disease-free
equilibrium remains stable.It means that the disease does not exist. On
the other hand, there exists a unique endemic equilibrium when R > 1
and the disease spreads out.We usedthe discretization technique, that
is, Finite Difference scheme with Mickens’ non-standard rules to solve
the system of ordinary differential equation numerically and the
resultswere obtained using different values of the step size ‘h’. We
compared these results with Euler and RK 4 and found that these two
methods are convergent for small step sizes but diverge for the large
value of ‘h’. So, these methods are conditionally convergent. The
designed discrete numerical technique (NSFD) has an unconditional
convergence towards the fixed point of the model, that is, it preserves
the convergence condition for a very large grid size ‘h’(h = 100). The
following sketched table describes the behavior of the proposed
numerical scheme at each grid point h for both equilibrium points,
namely disease-free equilibrium and endemic equilibrium points.

Table 3. Comparison of Euler RK 4 and NFSD Scheme

h Euler RK-4 NSFD scheme

0.1 Convergence Convergence Convergence

0.9 EE = Convergence EE = Convergence Convergence
DFE= Divergence = DFE= Divergence

10 Divergence Divergence Convergence
100  Divergence Divergence Convergence
1000 Divergence Divergence Convergence
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Endemic Equilibrium (EE) x 107 Endemic Equilibrium (EE)

NSFD [ eue]

Susceptible class

a

3

8
Susceptible class
o N

o 1 2 3 a 5 6 7 8 9 10 o 10 20 30 40 50 60 70 80 90 100
Time(t),Step Size h=100 «10° Time(t), Step Size h=5

Endemic Equilibrium (EE)

RK-4

Susceptible class

"0 10 20 30 40 50 60 70 80 9 100
Time(t), Step Size h=5

Figure 3. Numerical solutions
5. Conclusion

We adopted the discretization technique, that is, Finite Difference
scheme with Mickens’ non-standard rules which is unconditionally
convergent for the transmission dynamics of the polio disease. Unlike
RK 4 and Euler which diverge for large values of ‘h’, the results of the
developed numerical scheme are closed to the fixed points or points of
equilibrium for the continuous model at all values of ‘h’. The NSFD
scheme is dynamically consistent, easy to implement and
showssimilarity with the analytical results obtained by the dynamic
analysis of the model. Moreover, numerical experiments yield that the
proposed numerical scheme remains consistent with the biological
nature, preserving all of its essential properties.
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