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Abstract 

The current study presents Lengyel-Epstein reaction model for the analysis 

of the reaction kinematics of the growth of Zinc oxide (ZnO) nanostructures 

using the fourth-order Runge-Kutta (RK) method. The aim is to propose an 

improved approximation technique for the computation of the 

concentrations of Zinc ion and Hydroxyl ion. For this purpose, a 

comparison of Euler's method with the fourth-order RK method was made 

to gauge their effectiveness in determining the concentrations of both ions. 

It was determined that the fourth-order RK method gives more stable results 

than Euler’s method. In this regard, the comparison with Euler's method 

showed that the rate of convergence of the RK method is more appropriate 

than Euler's method. Furthermore, it was also determined that the RK 

method validates the experimental results for the formation of ZnO 

nanostructures using the aqueous chemical growth (ACG) method. 

Keywords: Aqueous Chemical Growth (ACG) method, Euler’s method, 

Lengyel-Epstein reaction model, nanostructures, fourth-order Runge–Kutta 

(RK) method, Zinc Oxide (ZnO) 

Introduction 

Zinc oxide (ZnO), a natural inorganic compound, has a wide variety of 

applications in the modern technological world. It is usually found in 

(white) powder form and remains insoluble in water, although it is soluble 

in dilute acids and bases. The particle size of ZnO is less than 100 nm. The 

solubility level of ZnO is also very low, that is, about 1.6–5.0 mg/L [1].  

The physical and chemical properties of the nanoparticles of ZnO 

distinguish it from other metal oxides. It is used in various industries and 
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for the preparation of various industrial products, such as glass, paint, 

optical materials, rubber, plastic, batteries, coating, and cosmetics. The use 

of ZnO nanoparticles is also widespread in the biomedical field, especially 

in the anticancer and antibacterial subfields. This is due to the fact that ZnO 

has a strong ability to generate excessive reactive oxygen species (ROS) 

and discharges Zinc ions. Furthermore, ZnO nanoparticles can also act as 

anti-diabetic because zinc has the ability to maintain the level of insulin 

[2, 3]. 

ZnO is defined as a semiconductor that has the distinctive properties of 

electric conductivity, photosensitivity, chemical sensing, and 

piezoelectricity. Due to these characteristics, ZnO nanoparticles have a 

strong room temperature luminescence, a high exciton binding energy (60 

meV), and a wide band gap of 3.4-3.7 eV [4]. These nanoparticles are good 

ultraviolet absorbers; therefore, they are used in skin lotions and creams for 

UV protection. They are also used in ointments intended for wound healing 

and to get relief from swelling. In addition to these essential biomedical 

properties, they have excellent drug carrier systems. Moreover, the US Food 

and Drug Administration (FDA) has marked ZnO as a GRAS (generally 

recognized as safe) substance and ZnO nanoparticles that are larger than 

100 nm are supposedly biocompatible [5, 6]. 

Due to the wide range of applications of ZnO nanoparticles, it is very 

important to produce ZnO in a huge amount. ZnO nanostructures can be 

produced easily by using different approaches at low temperatures, such as 

the Sol-Gel method, chemical-bath deposition method, self-combustion 

method, and aqueous chemical growth method. Among all these, the most 

common and highly result-oriented method is the aqueous chemical growth 

(ACG) method. This method can produce various morphologies of ZnO 

nanostructures including nanorods, nanotubes, nanowires, nano flexes, 

nanospheres, and nanoneedles by optimizing growth parameters. These 

morphologies of ZnO have drawn considerable interest because of their 

exceptional qualities, such as their low manufacturing cost, non-toxicity, 

ease of fabrication, superior biological compatibility, high electron transfer 

rates, and enhanced analytical performance [7-9]. 

The growth of ZnO nanostructures can be measured via a mathematical 

model known as Lengyel-Epstein reaction model. In this model, Euler's 

method is used to predict the growth of ZnO nanostructures [4]. In this 

paper, the Runge-Kutta (RK) fourth-order method is used to predict the 
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growth rate of the concentration of Zn ions and Hydroxyl ions. 

To estimate the growth rate of ZnO nanostructures analytically, the 

Euler integration method is used as the elementary method. It has two types 

of errors, that is, truncation error and cumulative error. These errors affect 

the accuracy up to a certain level. The most often used technique for ODE 

numerical solutions is the Runge-Kutta integration method. The advantages 

of this integration method include its simplicity in terms of programming 

and the stability of the estimation. However, this approach necessitates a 

more complex calculation as compared to the previously used integration 

technique. In the fourth-order RK method, the truncation error is O (h3) and 

the cumulative error is O (h2), which shows the stability of this integration 

method as compared to the Euler’s method [10]. 

2. Experimental Procedure 

For the growth of ZnO nanoparticles, a contamination-free environment is 

needed. This is because in the ACG method, the procedure can be 

influenced by the surrounding environment. In this method, an 

uncontaminated gold coated glass is used as a substrate. Before the 

beginning of the experiment, the gold coated glass was dipped into a 

solution of hydrofluoric acid which had low concentration. After a few 

minutes, it was washed with acetone and dried with the substrate with 

nitrogen gas at room temperature. Then, the actual process started with the 

spin coating technique. At 4500 rpm, a solution of Zinc acetate dihydrate 

was spun and coated on the substrate 3-4 times. The substrate was kept at 

70oC for a few minutes to settle down the solution. 

A solution was prepared in a container by taking Zinc nitrate and 

hexamethylenetetramine with 1:1 concentration and adding it to 250 ml of 

DI water. Then, we dipped the seed coated substrate into the prepared 

solution using the holder. Afterwards, the container was placed in an oven 

for 7 hours, which was preheated at 100oC. After 7 hours, the oven was 

turned off and left for 30 minutes to cool down. Then, we separated the 

substrate from the holder [11-13]. A layer of ZnO nanorods was obtained. 

After changing the pH of the solution by mixing it with 25% ammonia, ZnO 

nanowires were obtained. 

3. Chemical Reactions to Form Zinc Oxide 

For the formation of ZnO, two types of ions are required. The first is Zinc 
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ion (Zn+2) and the other is Hydroxyl ion (OH−). Zn+2 can be obtained from 

metal salt after the decomposition of Zinc nitrate [14]. 

Zn(NO3) 2. 6H2O + 6H2O → Zn+2 + 2NO3
−, 

OH− can be formed after the hydrothermal decomposition of HMT. 

(CH2) 6N4 + 6H2O → 6HCHO + 4NH3, 

NH3 + H2O → NH4 + OH−. 

After the deposition of both the ions, ZnO can be formed.  

2OH− + Zn+2 → Zn(OH)2, 

Zn(OH)2 → ZnO (s) +  H2O. 

4. Mathematical Model 

Euler's method is used as a numerical method to approximate the results in 

[4]. However, in this paper, Runge-Kutta's fourth-order method is used to 

approximate the growth of Zinc ion and Hydroxyl ion. The equations used 

to construct the model are as follows: 

NH3 + H2O → NH4
+ + OH−,                                (1) 

Zn(NO3)2. 6H2O + 6H2O → Zn+2 + 2NO3
−,       (2) 

2OH− + Zn+2 → ZnO + H2O.                              (3) 

Differential equations using Lengyel-Epstein reaction model constructed 

in [4] are as follows: 

dx

dt
= f(x, y) = a1 − x − 4 (

xy

(1 + x2)
), 

dy

dt
= g(x, y) = a2x (1 −

y

(1 + x2)
), 

where x and y represent the concentrations of OH−and  Zn+2, respectively. 

The proposed differential equations were constructed according to the 

theory [15]. The above differential equations depend upon the values of a1 

and a2. They are intended to obtain the steady-state concentration 

𝑎2 >
3𝑎1

5
−

25

  𝑎1
 . It was observed in the experimental growth of ZnO 

nanostructures that the process stopped after a certain period and showed 
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linear behavior [16,17]. The approximate values of the above differential 

equations were obtained by iterating the following equations:  

xn+1 = xn +
1

6
 (k1 + 2k2 + 2k3 + k4), 

yn+1 = yn +
1

6
 (p1 + 2p2 + 2p3 + p4), 

where  

k1 = h f(xn, yn), 

p1 = h g(xn,  yn), 

k2 = h f (xn +
h

2
,   yn +

k1

2
),  

p2 = h g (xn +
h

2
,   yn +

p1

2
),  

k3 = h f (xn +
h

2
,   yn +

k2

2
), 

p3 = h g (xn +
h

2
,   yn +

p2

2
), 

k4 = h f(xn + h,    yn + k3), 

p4 = h g(xn + h,    yn + p3).  

5. Results and Discussion 

The graph in Figure 1 represents the concentrations of OH- obtained from 

both methods, that is, Euler's method and the RK fourth-order method.  

 

Figure 1. Concentrations of OH ion obtained by Euler’s Method and fourth-
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order RK method for the Lengyel-Epstein model [9] with a = 1, b = 12, (x 

(0), y (0)) = (1, 1). 

The curve obtained from both methods showed a steady-state behavior 

and the formation of OH ions was stopped at 0.2 level of concentration. The 

exponential decay of the graph depicts that the formation of OH ions 

decrease over time and tends towards linearity. 

5.1 Comparison of Euler’s Method and the Fourth-Order RK Method 

Figure 1. shows the curve obtained by Euler's method. It shows that after 

some iterations, the minimum value of the concentration of OH ion is 

0.1916. In contrast, the curve obtained by the RK fourth-order method 

shows that the minimum value may be 0.1926, which is very close to the 

exact value. Comparing both methods, it was determined that the result of 

the RK fourth-order method is decidedly better than the result obtained by 

Euler's method. This is because the error obtained from the RK method at 

the minimum point is 0.74%, while the error in Euler's method is 0.84%.   

 

Figure 2. Concentrations of Zinc ion obtained by Euler’s method and fourth 

order RK method using the Lengyel-Epstein model [15] with a = 1, b = 12, 

(x(0), y(0)) = (1, 1). 

The graph in Figure 2. represents the concentrations of Zinc ions obtained 

from both methods, that is, Euler's method and the RK fourth-order method. 

The curves obtained from both methods show that exponential decay can be 

observed in the formation of Zinc ions. Their formation stopped at 1.04 

level of concentration and then the graph began to show linear behavior. 

Figure 2. shows the curve obtained by Euler's method. It shows that after 
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some iterations, the maximum value of the concentration of Zinc ion is 

1.4108. In contrast, the curve obtained by RK fourth-order method shows 

that the maximum value is 1.3883 at t=0.16. Comparing both methods, it 

was determined that RK fourth-order method better predicts the 

concentration of zinc ions. This is due to the fact that the error obtained 

from Euler's method at the maximum point is 37.08%, while the error in RK 

fourth-order method at the maximum level is 34.8%. 

 

Figure 3. Concentrations of Zinc ion and OH ion using Fourth-Order RK 

Method. It depicts the concentration of both the ions simultaneously using 

RK fourth-order method.  

 

 

 

 

 

 

 

 

 

Figure 4. Concentrations of Zinc ion and OH ion using Fourth-Order RK 

Method 
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Figure 4. shows the graphs of both concentrations of Zinc and OH ions. 

Over time, both ions react with each other to form ZnO nanostructures. The 

model predicts that after a certain time, the growth of ZnO nanostructure 

stops. 

6. Conclusion 

The current study recommends the use of fourth-order Runge-Kutta (RK) 

method in the Lengyel-Epstein reaction model to predict the concentrations 

of Zinc ions and Hydroxyl ions in the formation of ZnO nanostructures. It 

also provides a comparison with Euler's method that showed that the rate of 

convergence of fourth-order RK method is more appropriate than Euler's 

method using MATLAB. It was determined that the error rate of fourth-

order RK method is lower than Euler's method and very close to the 

experimental result. Hence, it is concluded that Lengyel-Epstein reaction 

model using the fourth-order RK method provides a strong platform to 

control and optimize the simulation of growth parameters to achieve one 

dimensional ZnO nanostructures. 
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