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Abstract

Weakly balanced repeated measurements designs (RMDs) are used to
balance out residual effects where minimal balanced RMDs cannot be
obtained. RMDs are equally important in periods of both equal and unequal
sizes. There should be a general procedure to construct these designs. In
this article, some generators are developed for the general construction of
efficient minimal circular weakly balanced RMD:s.

Keywords: carry over effects, direct effects, efficiency of residual effects,
repeated measurement designs (RMDs)

Introduction

Repeated measurements designs (RMDs) have application in many branches
of scientific inquiry, therefore, they should be chosen in a way that
treatments can be compared efficiently in the presence of residual effects.
Minimal balanced RMDs (BRMDs) are useful to balance these effects
economically. Minimal weakly balanced RMDs (MWBRMDs) are used in
situations where minimal BRMDs cannot be obtained. An RMD is minimal
weakly balanced if each treatment follows once and no time, or once and
twice by every other treatment (excluding itself). Williams [1] introduced
RMDs. Cheng and Wu [2] and Magda [3] constructed circular balanced
RMDs (CBRMDs). Afsarinejad [4] and Igbal and Jones [5] constructed
BRMDs and SBRMDs with unequal period sizes. Sharma et al. [6]
gave/developed a general construction of BRMDs for v odd. Igbal and Tahir
[7] presented circular SBRMDs (CSBRMD). Igbal et al. [8] constructed
some first- and second-order CBRMDs and CSBRMDs. Bashir et al. [9]
and Rajab et al. [10] developed a series of CBRMDs in equal period sizes.
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Rasheed et al. [11] and Daniyal et al. [12] developed a series of minimal
CSBRMDs.

Minimal CWBRMDs (MCWBRMDs) were constructed by (i) [13] for
p =, (ii) [14] for p < v, (iii) [15] for p1, p2,and (iv) [16] for unequal period
sizes. MCWBRMDs are equally important in periods of equal and unequal
sizes. There should be a general procedure to construct these designs in
periods of both equal and unequal sizes. In this article, some generators are
developed for general construction of MCWBRMDs in periods of k
different sizes. Here, MCWBRMD in which v/2 ordered pairs (i) do not
appear are named as MCWBRMDs-I and (i1) appear twice are named as
MCWBRMDs-II. An important feacture of this general construction is that
the experimenter may obtain these designs in periods of (i) equal sizes by
putting k = 1, (i1) two different sizes by putting k = 2, and so on. All these
designs possess a high efficiency of separability as well as that of residual
effects.

2. Efficiency of CWBRMDs

In this section, the efficiency of separability and the residual effects are
discussed for CWBRMDs.

2.1 Efficiency for Residual Effects (Er)

Harmonic mean of non-zero eigen values of their respective information
matrix is known as the efficiency for ER [17].

2.2 Efficiency of Separability (Es)

Divecha and Gondaliya’s [18] formula to determine the efficiency of
seprability (Es) is modified here for WBRMDs. Its modified form is given
below.

ES = [1 —1/(vJv— 1)] =< 100%.

3. Method of Cyclic Shifts

This method was introduced by Igbal [19]. Its Rule I is explained here for
MCWBRMDs

Let S1 =[qj1,952,..., gi¢-»] and S2 = [qi1,qz2, ..., Qis-1)].

e If1<gqgyj<v-1,andeachof 1,2, ..., v-1 appears once in S*, design is
MCBRMD, otherwise MCWBRMD.

N
=)
T

l{ Scientific Inquiry and Review
Volume 6 Issue 1, March 2022




Qaisar et al.

e If0<qj<v-1,and each of 0, 1, ..., v-1 appears once in S”, the design
is MCSBRMD, where S” contains (i) all elements of all sets and (ii) [v-
(sum of a set) mod v] for all sets.

Example 3.1: S1=[1,3,2,9,8] and Sz = [4,5,6] produce MCWBRMD-II for

v=10inpi=6and p>=4.

Since Si* = [1,3,2,9,8,7] and S2* = [4,5,6,5], therefore, S* =

[1,3,2,9,8,7,4,5,6,5], each of 1, 2,..., 9 appears once except 5 which appears

twice. So, it is MCWBRMD-II, which is obtained cyclically as follows:

Take v subjects for S1 =[1,3,2,9,8]. Consider 0, 1,..., v-1 as elements of

Period I, respectively. For elements of Period II, add 1 (mod 10) to each

element of Period I. For elements of Period III, add 3 (mod 10) to each

element of Period II. Similarly, add 2, 9, and 8, as shown in Table 1.

Table 1. Array from S1 =[1,3,2,9,8]

D Subjects

1 2 3 4 5 6 7 8 9 10
1 0 1 2 3 4 5 6 7 8 9
2 1 2 3 4 5 6 7 8 9 0
3 4 5 6 7 8 9 0 1 2 3
4 6 7 8 9 0 1 2 3 4 5
5 5 6 7 8 9 0 1 2 3 4
6 3 4 5 6 7 8 9 0 1 2

Take v more experimental subjects for S2 = [4,5,6] and complete the
array, see Table 2.

Table 2. Array from S2 = [4,5,6]

P Subjects
11 12 13 14 1s 16 17 18 19 20
1 1 2 3 4 5 7 8 9
2 4 5 6 7 9 0 1 2 3
School of Science <@> UM-F 69
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P Subjects
11 12 13 14 15 16 17 18 19 20
9 0 1 2 3 4 5 6 7
4 5 6 7 8 9 0 1 2 3 4

Tables 1 and 2 together produce MCWBRMD for v = 10, p1 = 6, and

p2=4.
4. Generators for MCWBRMDs-1

Generator 4.1: If v = 2mii+2mo+.. . 2mkt2, p1 = 2m1, p2 = 2m2, p3 =
2ms,..., px = 2mx, then MCWBRMDs-I can be obtained from the following
i sets for p1 and one set each for all other ps using Rule 1.

Sit1=[my+1, myj+2, ..., myj+mi, v-(mij+1), v-(myj+2), ..., v-(myj+mi-1)];

Si+i = [mii+1, mii+2, ..., mitmz, v-(mii+1), v-(mii+2), ..., v-(mii+tmz-1)]

So+i = [miitmat+1, miitmat2, ..., miitmatms, v-(miitmat1),
v-(mii+m2+2), , v-(mii+ma+ms-1)]

Sitk-1= [miitma+. . . +mia+1, mii+mot. . Ama+2,..., mitmo+. . . +mx, v-
(mitmat.. +mx1+1), v-(miitmat. .. +mg1+2), ,

v-(miitma+...+mg-1)]
Corollary 4.1.1.

Putting m2= m3 = ... = mx = 0, using only S;+1, Generator 4.1 produces
MCWBRMDs-I in p1 = p = 2m1. Examples are given below in Table 3.

Table 3. MCWBRMDs-I Obtained from Generator 4.1

v P Sets Es Er

10 4 [1,2,9]+[3,4,7] 0.84 0.81
14 6 [1,3,2,13,12]+[4,5,6,10,9] 0.89 0.89
20 6 [1,3,2,19,18]+[4,5,6,16,15]+[7,8,9,13,12] 093 0.87
18 8 [1,2,3,4,17,16,15]+[5,6,8,13,7,12,11] 092 092
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Corollary 4.1.2. Putting m3 = ma= ... = mx = 0, using only S;+1 and Si+1,
Generator 4.1 produces MCWBRMDs-1 in p1 = 2m1 and p2 = 2m2. Examples
are given below in Table 4.

Table 4. MCWBRMDs-I Obtained from Generator 4.1

vy p1 p2 Sets Es Er
12 6 4 [1,3,2,11,10]+[4,5,8] 0.87  0.87
18 6 4 [1,3,2,17,16]+[4,5,6,14,13]+[7,8,11] 092 0.86
14 8 4 [1,2,3,4,13,12,11]+[5,6,9] 0.89  0.89
16 8 6 [1,2,3,4,15,14,13]+[5,6,7,11,10] 091 091
Corollary 4.1.3. Putting ma = ms= ... = mx = 0, using only S;+1, Si+1 and

Si+2, Generator 4.1 produces MCWBRMDs-1 in p1 =2m1, p2 = 2m2and p3 =
2ms3. Examples are given below in Table 5.

Table 5. MCWBRMDs-I Obtained from Generator 4.1
v p1 p2 P3 Sets Es Er

20 8 6 4 [1,234,19,18,1714[5,6,7,15,14]+[8,9,12]  0.93 0.87
28 8 6 4 [1,2,3,4,27.26251+[5,6,7,823,22211+[9,1  0.95 0.87
0,11,19,18]+ [12,13,16]

2 10 6 4 [1,23.4,521,20,19,18]+[6,7,8,16,15]+[9,1 0.93 0.88
0,13]

26 10 8 6 [1,2,3,4,5,25,24,23,22]+[6,7,8,9,20,19,18]  0.94 0.91
+10,11,12,16,15]

Corollary 4.1.4. Putting ms=me= ... = mx = 0, using only Sj+1, Si+1, Si+2
and Si3, Generator 4.1 produces MCWBRMDs-I in p1 = 2m1, p2 = 2m2,
p3=2ms3 and ps =2ma4. Similarly, fork =5, 6, and so on. Examples are given
below in Table 6.

School of Science <@> UM -

Volume 6 Issue 1, March 2022



General Construction of...

Table 6. MCWBRMDs-I Obtained from Generator 4.1

v p1 P2 Pp3 P Sets Es Er

30 10 8 6 4 [1,2,3,4,52928,2726]+6,7,824,923, 095 0.88
22]+[10,11,12,20,19]+[13,14,17]

40 10 8 6 4 [1,2,3,4,5,39,38,37,36]+[6,7,8,9,34,10,  0.96 0.89
33,32,311+[11,12,13,14,29,28,27]+
[15,16,17,25,24]+[18,19,22]

32 12 8 6 4 [1,2435631,30,28,2927]1+[7,8,9,10,  0.95 0.89
25,24,231+11,12,13,21,20]+[14,15,18]

38 12 10 8 6 [1,2,43,6,537,36,35,34,33]+[8,7,9,10,  0.95 0.88
11,30,31,29,28]+[12,13,14,15,26,25,24]+
[16,17,18,22,21]

Generator 4.2: If v =2mii+4m+2m3s+.. . +2mx+2, p1 = 2m1, p2 = 2mo,

p3 =2ms, ..., pxk = 2mx, then MCWBRMDs-I can be obtained with two sets
for p2 using Rule 1.

Sjit1 = [my+1, my+2,..., myj+mi, v-(mij+1), v-(myj+2), ..., v-(mij+mi-1)];
Si+i = [mii+1, mit+2,..., mitma, v-(mii+1), v-(miit+2), ..., v-(miitmz-1)]

So+i = [miitmo+1, miitmat2,..., mitmotms, v-(miitmot+1), v-(mii+ma+2),
ceey V-(m1itmatms-1)]

S3+i = [m1i+2ma+1, mii+2ma+2,..., mii+2motms, v-(mii+2ma+1),
v-(mii+2ma+2), ... ,v-(mii+2matms-1)
Sik=[m1i+2matm3+.. . +mi1+1,mii+2matms+. ..
+ mi1t2,..., miit2motmst. . tmk,
v-(mii+2matms+.. . +mka+1), v-(mit2motms+. . Ame1+2), ...,
v-(mii+2matms+.. . +mk-1-1)]

Corollary 4.2.1. Putting m3 = ma= ... = mx = 0, using only S;+1, Si+1 and
Examples are given below in Table 7.
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Table 7. MCWBRMDs-I Obtained from Generator 4.2

vV p1 P2 Sets Es Er
16 6 4 [1,3,2,15,14]+[4,5,12]+[6,7,10] 091 0.83
18 8 4 [1,2,3,4,17,16,15]+[5,6,13]+[7,8,11] 092 0.86
22 8 6 [1.23,421,20,191+[5,6,7,17,16]+[8,9,10,14,13]  0.93 0.89
28 10 8 [1,2,3,4,5,27,26,25,24]+[6,7,8,9,22,21,20]+ 0.95 091
[10,11,12,13,18,17,16]
Corollary 4.2.2. Putting ma= ms= ... = mk = 0, using only Sj+1, Si+1, Si+2

and S;+3, Generator 4.2 produces MCWBRMDs-1 in p1 = 2m1, p2 = 2m2 and
p3 =2ms3. Examples are given below in Table 8.

Table 8. MCWBRMDs-I Obtained from Generator 4.2

vV Dp1 P2 Pp3 Sets Es Er

26 8 6 4 [1,2,3,4252423]+[5,6,7,21,20]+ 0.94 0.86
[8,9,10,18,17]+[11,12,15]

28 10 6 4 [1,2,3,4,527,26,25241+[6,7,8,22,21]+ 0.95 0.87
[9,10,11,19,18]+[12,13,16]

32 10 8 4 [1,2,3,4,5,31,30,29,28]+[6,7,8,9,26,25,24]1+ 095 0.97
[10,11,12,13,22,21,20]+[14,15,18]

34 10 8 6 [1,2,3,4,5,33,32,31,30]+[6,7,8,9,28,27,26]+ 0.96 0.90
[10,11,12,13,24,23,22]+[14,15,16,20,19]

Corollary 4.2.3. Putting ms = me¢= ... = mx = 0, using only Sj+1, Si+1, Si+2,

Si+3 and Si+4, Generator 4.2 produces MCSPBRMDs-I in p1 = 2m1, p2 = 2ma,
p3 = 2m3, and psa = 2ma. Similarly, for k = 5, 6, and so on. Examples are
given below in Table 9.
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Table 9. MCWBRMDs-I Obtained from Generator 4.2

vy pt pr D3 D4 Sets Es Er

38. 10 8 6 4 [1,2,3,4,5,37,36,35,34]+[6,7,8,9,32, 0.96 0.88
31,30]+[10,11,12,13,28,27,26]+
[14,15,16,24,23]+[17,18,21]

40 12 8 6 4 [1,2,43,6,5,39,38,37,36,35]+[7,8,9, 0.96 0.89

10,33,32,31]+[11,12,13,14,29,28,27]+
[15,16,17,25,24]+[18,19,22]

44 12 10 6 4 [1,2,43,6,5,43,42,41,4039]+[7,8,9,  0.97 0.90
10,11,37,36,35,34]+[12,13,14,15,16,
32,31,30,29]+[17,18,19,27,26]+
[20,21,24]

48 12 10 8 6 [1,2,43,6,5,47,46,454443]+[7.8, 0.95 0.91
9,10,11,41,40,39,38]+[12,13,14,15,
16,36,35,34,331+[17,18,19,31,30,
28,291+[21,20,22,27,26]

5. Generators for MCWBRMDs-I1

Generator 5.1: If v =2mii+2mo+.. . +2mx, p1 = 2m1, p2 = 2ma, ..., px = 2mx,
then MCWBRMDs-II can be constructed from the following i sets for pi
and one set each for all other ps using Rule I.

Sj+1 = [my+1, my+2,..., myj+mi, v-(mij+1), v-(myj+2), ..., v-(mij+mi-1)]
Si+i = [mii+1, mii+2,..., mii+mz, v-(mii+1), v-(mii+2), ..., v-(miitmz-1)]
So+i = [miitma+1, miitmat2,..., mitmatms, v-(miitma+1), v-(miitma+2),
eouy V-(miitmatms-1)] ...

Sitk-1= [miitma+. . . +mxa+1, mii+mot. . Ama+2,..., mitmo+. . . +mx, v-
(mii+ma+. . Amk1+1), v-(miitma+. . +Amxa+2), ... ,v-(miitmo+. . +mk -1)]

Corollary 5.1.1. Putting m2=m3= ... = mx = 0, using only S;+1, Generator
5.1 produces MCWBRMDs-II in p1 = p = 2mi. Examples are given below
in Table 10.
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Table 10. MCWBRMDs-II obtained from Generator 5.1 in periods of
equal sizes

v p Sets Es Er

8 4 [1,2,7]+]3,4,5] 0.82 0.84
12 6 [1,3,2,11,10]+[4,5,6,8,7] 0.88 091
18 6 [1,3,2,17,16]+[4,5,6,14,13]+[7,8,9,11,10] 092 0.88
16 8 [1,2,3,4,15,14,13]+[6,5,7,8,11,10,9] 091 093
Corollary 5.1.2. Putting m3 = ma= ... = mx = 0, using only S;+1 and Si+1,

Generator 5.1 produces MCWBRMDs-II in p1 = 2mi and p2 = 2mo.
Examples are given below in Table 11.

Table 11. MCWBRMDs-II Obtained from Generator 5.1

v P11 P2 Sets Es Er

10 6 4 [1,3,2,9.8]+[4,5,6] 0.86 0.87
12 8 4 [1,2,3,4,11,10,9]+[5,6,7] 0.88 0.89
14 8 6 [1,2,3,4,13,12,11]+[5,6,7,9,8] 090 0.92

2 8 6 [123,4.21,20,19]+5,6,7,8,17,16,15]+ 0.94 0.90
[9,10,11,13,12]

Corollary 5.1.3. Putting ma = ms= ... = mx = 0, using only S;+1, Si+1 and
Si+2, Generator 5.1 produces MCWBRMDs-II in p1 = 2m1, p2 = 2m2, and p3
= 2ms3. Examples are given below in Table 12.
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Table 12. MCWBRMDs-II Obtained from Generator 5.1

v P p2 p3 Sets Es Er

18 8 6 4 [1234,17,16,15]+[5,6,13,7,12]+ 092 0.88
[8,9,10]

20 10 6 4 [1,23,4519,18,17,16]+[6,7,8,14,13]+ 0.93  0.89
[9,10,11]

22 10 8 4 [1,2,3,4,5,21,20,19,18]+[6,7,8,9,16,15, 0.94 0.90
14]+[10,11,12]

24 10 8 6 [1,2,3,4,5,23,22,21,20]+[7,6,8,9,17,18, 094 0.91
16]+[10,11,12,14,13]

Corollary 5.1.4. Putting ms= me= ... = mk = 0, using only Sj+1, Si+1, Si+2

and Si+3, Generator 5.1 produces MCWBRMDs-II in p1 = 2m1, p2 = 2m2, p3
= 2m3, and ps = 2ma4. Similarly, for k =5, 6, and so on. Examples are given
below in Table 13.

Table 13. MCWBRMDs-II Obtained from Generator 5.1

vV p1 P P3 P4 Sets Es Er

28 10 8 6 4 [1,2,3,4527,26,25,24]+(6,7,8,9,22,2 0.9 0.92
1,20]+[10,11,12,18,17]+[13,14,15] 5

38.10 &8 6 4 [1,2,3,4,537,36,35,34]+[6,7,8,9,10,3 09 091
2,31,30,291+[11,12,13,14,27,26,25] 6
+[15,16,17,23,221+[18,19,20]

30 12 8 6 4 [1,24,3,65,29,28,27,26,25]+[7,8,9,1 0.9 0.89
0,23,22,211+[11,12,13,19,18]+[14,15 5
,16]

36 12 10 8 6 [1,2,4,3,6,5,35,34,33,32,31]+[7,89,1 0.9 0.93
0,11,29,28,27,261+[12,13,14,15,24,2 6

3,22]+[16,17,18,20,19]

Generator 5.2: If v = 2mii+t4mo+2ms+.. . F2mx, p1 = 2m1, p2 = 2m2, p3 =
2ms,..., px = 2mk, then MCWBRMDs-II can be constructed with two sets
for p2 using Rule 1.

Sj+1 = [my+1, my+2,..., myj+mi, v-(mij+1), v-(myj+2), ..., v-(mij+mi-1)]

3
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Si+i = [mii+1, mit+2,..., mitma, v-(mii+1), v-(mii+2), ..., v-(miitm2-1)]

So+i = [miitmat1, mitma+2,..., mii+matms, v-(mii+ma+1), v-(miitma+2),
ooy V-(m1i+m2tms-1)]

S3+i = [miit2mot+l, miit2mo+2,..., miit2motms, v-(mii+2mat+l), v-
(mii+2ma+2), ...,

v-(mii+2matms-1)] ...

Sitk = [mii+2mo+ms+. . +mk1+1, mii+2matms+. . +mk1+2,...,
mii+2matmst. . . tmk,

v-(miit2moytms+.. . Amka+1),  v-(mii+2motmst+.. +mg1+2),  ..v-
(mii+2matms+.. . +mi-1-1)]

Corollary 5.2.1. Putting m3 = ma= ... = mx = 0, using only S;+1, Si+1 and
Si+2, Generator 5.2 produces MCWBRMDs-II in p1 = 2m1 and p2 = 2mo.
Examples are given below in Table 14.

Table 14. MCWBRMDs-II Obtained from Generator 5.2

v p1 D2 Sets Es Er

14 6 4 [1,3,2,13,12]+[4,5,10]+[6,7.8] 090 0.84

16 8 4  [1,2,3.4,1514,13]+[5,6,11]+[7.8.9] 091 0.86

20 8 6 [1,23,4,19,18,17]+[5,6,7,15,14]+[8,9,10,12, 0.93  0.89
11]

22 10 6 [1,2,3,4,5,21,20,19,18]+(6,7,8,16,15]+[9,10, 0.94 0.90
11,13,12]

Corollary 5.2.2. Putting ma=ms= ... = mx = 0, using only Sj+1, Si+1, Si+2

and S;+3, Generator 5.2 produces MCWBRMDs-II in p1 = 2m1, p2 = 2m2 and
p3 = 2m3. Examples are given below in Table 15.

Table 15. MCWBRMDs-II Obtained from Generator 5.2
v P D2 D3 Sets Es Er
24 8 6 4 [1,2,3,4,23,22,21]+[5,6,7,19,18]+[8,9,10, 0.94 0.87
16,151+[11,12,13]
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v P1 P2 D3 Sets Es Er

26 10 6 4 [1,2,3,4,525,24,23,22]+[6,7,8,20,19]+ 0.95 0.88
[9,10,11,17,16]+[12,13,14]

30 10 8 4 [1,2,3,4,5,29,28,27,26]+[6,7,8,24,9, 0.95 0.89

23,22]+[10,11,12,13,20,19,18]+[14,15,16]

32 10 8 6 [1,2,3.4,531,30,29,28]+[6,7,8,9,26,25,24]  0.96 0.90
+[10,11,12,13,22,21,20]+[14,15,16,18,17]

Corollary 5.2.3. Putting ms = me¢= ... = mx = 0, using only S;+1, Si+1, Sit2,
Si+3 and Si+4, Generator 5.2 produces MCWBRMDs-II in p1 =2m1, p2 = 2ma,
p3 = 2m3, and pa = 2ma. Similarly, for k = 5, 6, and so on. Examples are
given below in Table 16.

Table 16. MCWBRMDs-II Obtained from Generator 5.2

v p1 p2 p3 P4 Sets Es Er

36 10 8 6 4 [1,2,3.4,53534,33,32]+[6,7.8,9,30, 0.96 0.90
29,281+[10,11,12,13,26,25,24]+[ 14,15,

16,22,211+[17,18,19]
38 12 8 6 4 [1,243.,6,537,36,35,34,33]+[7.8,9, 0.96 0.90

10,31,30,29]+[11,12,13,14,27,26,25]+
[15,16,17,23,22]+[18,19,20]

42 12 10 6 4 [1,2,43,6,541,4039,3837]+[7,8,9,10, 0.97 0.90
11,35,34,33,32]+[13,12,14,15,16,29,30,
28,27]+[17,18,19,25,24]+[20,21,22]

46 12 10 8 6 [1,2,4,3,6,5,45,44,43,42,411+(7,8,9,10, 0.97 0.91
11,39,38,37,36]+[13,12,14,15,16,34,

33,32,31]+[17,18,19,29,20,28 2 7]+
[21,22,23,25,24]

6. Conclusion

Generators have been developed in this study for the easy construction of
MCWBRMDs in periods of unequal sizes. The experimenter may obtain
these designs in (i) equal period sizes by putting k = 1, (ii) two different
period sizes by putting k = 2, and so on. All these designs possess a high
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efficiency of separability as well as that of residual effects. Therefore, our
proposed designs are efficient enough (i) to balance the residual effects and
(i1) to estimate the direct effects and residual effects, independently.
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