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ABSTRACT

The current paper's goal is to introduce lacunary A-statistically convergent
and lacunary A-statistically Cauchy sequences in neutrosophic n-normed
linear spaces, examine them, and come to some significant conclusions
about them. Also, we prove several useful results for these notions. We
demonstrate how sequences in this space have some characteristics with
lacunary A-statistical convergence of real sequences. In contrast to other
related works, we define the concept of convergence of a sequence in
neutrosophic n-normed linear spaces in this study. We have also established
the results using a new methodology. Additionally, we provide some novel
descriptions for lacunary sequences that are A-statistically convergent and
Cauchy. We demonstrate some inclusion results between the set of A-
statistically convergent and lacunary A-statistically convergent sequences
in neutrosophic n-normed linear spaces by generalizing the concepts for
complex number sequences.

Keywords: cauchy sequence, lacunary sequence, normed space, statistical
convergence

INTRODUCTION
In 1965, Zadeh [1] introduced the fuzzy set theory. This theory has been
used in numerous areas of mathematics, including metric and topological
spaces.This theory further develops as the theory of functions, and
approximation theory, in addition to other numerous sectors of engineering,
such as population dynamics, nonlinear dynamic systems, and quantum
physics. Researchers Kim and Cho [2], Malceski [3], and Gunawan and
Mashadi [4] all investigated n-normed linear spaces. Fuzzy n-normalized
linear space which was defined by Vijayabalaji and Narayanan [5].
Schweizer [6] introduced the continuous t-norm and Atanassov [7] used
continuous t-norm and continuous t-conorm to introduce the intuitionistic
fuzzy sets. Intuitionistic fuzzy normed space was first introduced by Saadati
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and Park [8], while intuitionistic fuzzy n-normed space was defined by
Vijayabalaji et al. [9]. The concept of lacunary statistical convergence was
first proposed by Fridy and Orhan [10].This concept became the basis for
the investigations of lacunary statistical convergence by Mursaleen and
Mohiuddin [11] and Sen and Debnath [12] in intuitionistic fuzzy normed
spaces and intuitionistic fuzzy n-normed spaces, respectively. Kizmaz
developed the concept of difference sequences, where Ax = (Ax;) = xj, —
Xr+1- The A-Statistical convergence of sequences was first described by
Basarir [13]. The definition of lacunary strong -convergence of fuzzy
numbers was first developed by Bilgin [14]. Many authors have also
researched the generalized difference between the sequence spaces.

The neutrosophic set (NS) is a fresh interpretation of Smarandache's[15,
16] definition of the classical set. The concept of neutrosophic metric spaces
was first developed by Kirisci and Simsek [17] and is used to address
membership, non-membership, and naturalness. In 2022, Usman[18,19]
found out the solution for the nonlinear differential equation for contractive
and weakly compatible mappings in neutrosophic metric spaces and
discussed the statistically convergent sequence.Some fixed-point findings
were demonstrated in the context of neutrosophic metric spaces by
Sowndrarajan etal.[20]. Approximate fixed point theorems for weak
contractions on neutrosophic normed spaces were proven in 2022 by
Jeyaraman [21, 22].

In a neutrosophic z-normed linear space[NnV LS], the concepts of
Sg(A)-convergent  and Sy (A)-Cauchy sequences is presented by
establishing a connection between both. We demonstrated the relationship
between these ideas and provide their properties using a lacunary density.

2. PRELIMINARIES

Definition 2.1[12]. The following axioms define a continuous t-norm as a
binary operation* : [0,1] x [0,1]—[0,1]

1. =*is continuous, commutative and associative,
2. ¢ex1=c¢foralle €[0,1],
3. Ife<e andd <6 thenex 0 < &' +6', foreach e, e',6,0" € [0,1].

Definition 2.2[12]. The following axioms define a continuous t-conorm as
a binary operation$ : [0,1] x [0,1] — [0,1]

1. < is continuous, commutative, and associative,
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2.
3.

£ $ 0=c¢ foralle € [0,1],
Ife<O ande' <0 thened 0 <& 0, foreach e, &',0,0' € [0,1].

Definition 2.3. An NnIVLS is the 7-tuple (X, u, 9, w,*,<,O)where X is a
linear space over afield F, = is a continuous t-norm, ¢ and © continuoust-
conorm, u, 9 and w are fuzzy sets onX™ x (0, o), udenotes the degree of
membership, denotes the indeterminacy and « denotes the non-
membership of (uy, u,,...,u,, t) € X™ x (0, ) satisfying the following
conditions for every (uq,u,, ..., u,) € X™and s,t > 0.

a)

b)

c)
d)

€)

)
9)
h)
i)
)
K)

1)

0 < p(uq, Uy, ooy Uy, t) < 1; 0 < 9(uyg, Uy, o, Uy, t) < 1; 0 <
w(Uy, Uy, oy Uy, t) < 1;

U(ul;uz; ---:un: t) + 19(u1, uZl ---;un; t) + O)(ul,uz, ---:un: t) < 31
u(uqg, Uy, ..., Uy, t) >0,

w(uqg, Uy, ..., Uy, t) = 1 ifand only if uy, u,, ..., u, are linearly
dependent,

u(uq, Uy, ..., Uy, t) is invariant under any permutation of uy, u,, ..., u, ,
w(ug, Uy, oo, X Uy, t) = u(ul,uz, ...,un,é) foreach «# 0,x€F,
Wy, Uy, ooy Uy, S) * WUy, Up, ooy U, £) < W(ug, Uy, ooy, Uy + ', S+
t),

w(uq, Uy, .., Uy, t) = (0,00) - [0,1] is continuous in t,

tlim u(uqg, Uy, .., Uy, t) = 1L and ltirr(} w(®y, 95, .., oy, t) =0,

—00 -

9(Uq, Uy, oo, Uy, t) < 1,

9(uq, Uy, ..., Uy, t) = 0 ifand only if uy, uy, ..., u, are linearly
dependent,

9(uq, Uy, ..., Uy, t) is invariant under any permutation of y,, v, ..., vy,

m) 9(uq, Uy, ..., X Uy, t) =9 (ul,uz, ...,un,ﬁ) foreach x# 0,x€ F,

n)

0)
P)

a)
r)

)

64 —

O(Uyp, Uy, oy U, S) & (U, Uy, oo, U, £) = 9 (U, Uy, oon s, Uy + Uy,
s+t),

I(uqg, Uy, ..., Uy, t) = (0,00) - [0,1] is continuous in t,

th_)rglo I(uqg, Uy, ..., Uy, t) = 0 and lti_r)r(}ﬁ(t)l,t)z, o t) =1,

(U, Uy, ey Uy, t) < 1,

w(Uq, Uy, ..., Uy, t) = 0 ifand only ifu,, u,, ..., u, are linearly
dependent,

w(Uq, Uy, ..., Uy, t) IS invariant under any permutation of wuy, u,, ..., u,
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) w(u,uy, .., XU, t) =w (ul,uz, ey Uy, é) for each «x# 0,x€F,

) w(ug, Uy, ., iy, S) © o(ug, Uy, ..., u'y, t) = w(uy, Uy, .., Uy + Uy,
s+t),

V) w(uq, Uy, ..., Uy t) ¢ (0,00) - [0,1] is continuous in t,

w) 21_{2 w(Uq, Uy, ..., Uy, t) = 0 and ltl_r)% (U, Uy, oy Uy, t) =1,

Example 2.1. Let (X, ||-,. . . ,-||])be a linear space with n norms.. Also, let
a*xb=ab,

a <% b =min{a + b,1}anda © b = min{a + b, 1}, for everya,b € [0,1],
t

ooy Pz, Un ) =

w(ug, Uy, v, Uy, t) =
||u1,u2,...,un||

and

t+”u1'u2'---,un”
— ”ul,uz,---,un” -
WUy, Uy, ooy Uy, t) = — Then (X, 1,9, w,%,%,0) is NnNLS.

Definition 2.4. [14] An increasing integer sequence 6 = {k,} such that

ko=0 and h, =k, —k,_; > as r - oo is said to be a lacunary

sequence[RS]. Here I, = (k,_4, k,]are the intervals determined by 6 and
kr

qr =

[y

Let K € N. We call the number,dgq(K) = lim—h1 Kkel:ke
T T
K}|,the@-density of K, provided the limit exists.

Definition 2.7. [2] Consider a S 6. A sequence y = {y;} of numbers is
said to be lacunary statistically convergent, or, Sy(A)-convergent, to the
number L if for all positive number p, the set K(p) has 8-density zero,
where

K(p) = {k € N: |y, — L| = p} and this is written as Sy — klim y, = L.

3. A-CONVERGENCE AND LACUNARY A-STATISTICAL
CONVERGENCE INNAaNLS

Definition 3.1. Assume that (X, u, 9, w,*,¢,©) iIsa NnN LS. A sequence
x ={x,} € X is called A-Convergent to L € X in relation to the
Neutrosophic  n-norm  (u,9,w)™ if, for alle>0,t>0 and
Y1, V2, 0 Yn—1 € X, there exists k, € N such that u(y,, y,, ..., Yn-1, Axy —
Lit)>1-—c¢, (Y1, Vo oo V-1, A% — L, t) < € and
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WY1, Y2, o Yne1, Axi — L, t) < €, forall k = ky, where k € Nand Ax;, =
(%) — x,—1). It's indicated by (u, 9, a))”-klim Ax, =LorAx, - Lask -
0,
Definition 3.2. Assume that(X, u, 9, w,*,¢,©) is a NaIN LS. A sequence
x ={x,} €X is called lacunary A-statistical convergent or Sy(A)-
convergent to L €X in relation to the neutrosophic n-norm
(u, 9, w)"™assuming that foreach e > 0, t > 0and y;,v,, ..., Yn—1 € X,
k€ N:u(y,va oy Vn_1, Axp — L,it) <1 —¢
59(A) or 19()/11 Y2, ---ryn—llek - L: t) > ¢ and = O,
W (Y1, Y2 oo V1) Axye — L, t) = €
k € N:u(yy, Vo, oo Y1, Dxp — L, t) > 1 — ¢,
or equivalently 64(A) (Y1, Y2y o) V-1, Axx — L, t) < € and
WY1, Vo i Y1, D — L, t) < &

= 1.

It's indicated bySQ(“'ﬁ"‘))n(A) —limx = Lor x;, = L(Sg(4)).
We can get the lemma by using definition (3.2) and the properties of the 6-
density.

Lemma 3.1. Assume that(X, u, 9, w,*,$,©) is a NnNLS andd be a LS.
Next, for eache > 0,t > 0and y;, y,, ..., Yn—1 € X,the following claims are
interchangeable:

S # PO (A) — limx = L,

69(A)({k € N:M(YL Y2, ---:yn—llek - L, t) <1- g})
= SB(A)({k € Niﬁ(%&’z: ""YTl—lfok - L! t) = E})
=6p(A)({k € N: w(y1, Y2, ever V-1, Ax) — L, t) = €}) =0,

k € N:u(yy, va, oos Y1, Dxp — L,t) > 1 — ¢,
59(A) 79(3’1;3’2; ---ryn—erxk - Lr t) < ¢ and = 1,
WY1, Vo e V-1, Dxp — L t) < €
56(A)({k € N!H()ﬁ, yZ' ---;yn—1;Axk - L, t) > 1- g})

:69(A)({k € N:ﬂ(YL Y2, ---:yn—llek - L, t) < E})
=6 (A)({{k EN: (Y1, V2, eoos Y1, Dxy, — L, t) < €}) =1,
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S —limu(yy, ¥ oo V1, Ax — L, t) = 1,

So —limI(yq1,¥2, o) Yn_1,8x; — L, t) = Oand

Se —limw(yy, ¥y ooy Vn—1,Ax, — L, t) = 0.
Theorem 3.1. Let (X, u, 9, w,*<¢,©O) be a NuNLS and 6 be a LS. If
(1,9, )" — lim Ax = L, then 59(””9‘“’)n(A) —limx = L.

Proof: Let (i, 9, w)™ —lim Ax = L. Then, for eache > 0,t > 0and
Y1, V2, 0 Yn—1 € X, there exists k, € N such that u(y4, v, ..., Yn-1, Axy —
Lt)>1-—¢,

(Y1, Y2 eoor V-1, A% — L, t) < candw (y4, V2, o) Yn-1,Ax; — L, t) < &,
forall k > k.

Hence the set
k € N5.U(y1;3’2: ---ryn—erxk - Lr t) <l-c¢or
(Y1, Vs oo V-1, Dxx — L, t) = € and has a set of limited
WY1, V2 iy Vp—1, A% — L, t) = ¢
terms.
Since the lacunary density of each finite subset of N is 0,
k € N:u(yy,va, oor Yn—1, Dxp — L,it) <1 —¢ or
bg(A) YY1, Y2) eor V-1, A%, — L, t) = € and =0,
OWV1, Vo s Y1, Dx — L, t) = €

that is, S, 9" (A) — limx = L.

Theorem (3.1)'s converse is not generally true, as is seen from the case
that follows.

Example 3.1. ConsiderX = R™with ||xy, X3, ..., X, || =

X117 Xin
abs( P : >,

where x; = (x4, Xj2, ..., Xin) € R® foreachi =1,2,...,nand leta x b =
ab,
a <% b =min{a+ b,1},a © b = min{a + b, 1}, forall a,b € [0,1]. Now,
forall yi, v, ., Yn—,x ER™and t > 0, u(y1, Vo, eoo) Yp—1, X, t) =

t

Xn1 " Xan

t+ly1,y2,oyn-1.xl’
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X
ly1,y2,¥n—1.xl and

S T e Py A

WY1, V2 oo Y1, %, t) _Hylyz—tynlxll Then (R™, 1,9, w,%,$,O) isa
NnNLS.
Let I,.and h,.have the meanings they have in definition (2.6).

Define a sequence with terms provided by x = {x;}.
~[Jhr]+1) (-n+[ /Ry .
f<(" L/h] 3( - N—D,o,...,o) eERMif1 <k <n-—[/h])

X = (—%k2+%k,0,...,0)E]R"ifn—[\/h_r]+1SkSn, such

(—lnz +1n,0, ...,O) € R"ifk >n
2 2
that
Ax :{(k,o,...,()) eEN ifn—[Jh]+1<k<n,
k (0,0,..0) EN otherwise.
Forevery 0 < ¢ < 1and forany y,,y,, ..., Vn—1 € X, t > 0, let

k€l:uly,ys, o Vn-1,0x, —Lt) <1—¢ or
K(et) = (Y1, Vs eoer» V-1, Dxx — L, t) = € and
WY1, V2 s V-1, D% — L, t) = €.

t
Now, K (g, t) = {k € L: ||y, Vay oo Y1, Dxp || = i > 0}
c{k €I,: Ax;, = (k,0,...,0) € R"}.
Thus, we havehil{k ElkeK(gt)} < [h@ — 0asr — oo,

Hence,Sg(”'ﬁ"")n(A) —limx = 0. As opposed to that, x = {x,} in X is not
A-convergent to 0in relation to the neutrosophic n-norm, since

t
t+ 1YL, Y2, oo Yn—1, Axie |l

t
{t+lly1.yz [‘/_] tlsks n} 1,

11 Y2, s Yn-1, B, ) =

“Yn—1, Axk”
1 otherwise.
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||Y1:yz’ v Yn—1s Axk”
19( ) )y - ,Ax ,t) =
L L Y C

) { Wuyordnoadll ey [/l +1<k<n,

t+||y1;y2 """ y‘n—lfok”

} > Oand
0 otherwise.

131, Y25 o) Y1, DX ||
t

”y 'y ,---,J/n— :Ax ” .
2{ S klfn—[\/h_r]+1SkSn,}2
0 otherwise.

(U(yp Y2, Yn—1s Axk) t) =

0.
The theorem's proof is now complete.

Theorem 3.2. Let (X, u, 9, w,%¢,®) be a NnVLS. Then S, #2)" (A) —
limx = L, if andonly if there exists an ascending sequence K =

{k,, }occurs of the natural numbers like that S5(A)(K) = 1 and

u,9,w)" — }{1&1{ Ax; = L.

Proof: Necessity. Assume that Sy w0 (A) —limx = L. Then, for
every yi,v,, ., ¥Yn-1 €EX, t >0andj = 1,2, ...

Ifk € N:u(yy, Y2y coor V-1, Dxp — L, t) > 1 — %'\I
KG,t) = 4 VY1, Y2 s Yn-1, 8% — L, ) < %and &and
w(Y1, Y2 s Yn-1, 8% — L, ) < % J
Ifk EN:u(yy, Vo oo Vo1, Axg — L, t) < 1 — %or\l
M(j,t) = 4 YY1, Y2r s V-1, Bx — L, 1) = %and ¥

WY1, V2 oo Y1, Dxy — L, t) = % : J
Then §4(A)(M(j,t)) = 0 since,
K(,t) DK+ 1,¢t) (3.1)
and
8o(A(K(, ) =1, (3.2)
School of Science @ UMT—69
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fort >0 and j=1,2,.. . Now, we must demonstrate that tok €
K (j, t)imagine that in some casesk € K (j, t), x = {x,} not A-convergent to
Lin relation toneutrosophic n-norm (u, 9, w)™. Consequently, there isa¢ > 0
and a non-negative integer kg like thatu(yy, yo, oo, Y1, 8xp — L, t) <1 —
@ or (Y1, V2 eoor V1, A% — L, t) = aand (y4, Vo, o) Y1, Dxp — L, t) =
aforall k > k.

Let o > %and

keN:uly,ye, ooor Yn-1, Ax — L, t) > 1 —aq,
K(j,t) = 91, Y2 eor V-1, A%, — L, t) < @ and
WY1, Vo oo V-1, Dxp — L, t) < a.
Then 6, (A) (K (a, t)) = 0. Since a > %by (3.1) we have 8, (8) (K (j, 1)) =
0, which contradicts by Eqg. (3.2).
Sufficiency. Let's say there is an ascending series K = {k,,} of the natural
numbers like that, (A)(K) = 1land (u, 9, )™ — }clenI} Ax), =L,

i.e., forevery y;, ¥, ..., ¥n—1 € X, € > 0and t > 0, there exists ny € N

such that u(yy, 2, «oor Vn—1, Ax; — L, t) > 1 — £,9(y1, V2, v V-1, AXj —
Lit) <eand w(yYq, Vo, eoor Y1, Dxp — L, t) < €.

k € N:u(ys,va, v, Vn—1,0x, — L, t) <1 —¢€or
Let M(g, t) = (Y1, Va2y oo V-1, Ax, — L, t) = € and
WY1, V2 eor Vn—1, Ax), — L, t) = €

€ {kng+1, kny+2, - } and consequently 8o (A)(M(g,t)) <1—1=0.
Hence Sg“?®" (A) — lim x = L. The theorem's proof is now complete.

Theorem 3.3. Let (X, 1,9, w,%<,0)be a NnNLS. Then S W2 (a) —
limx = L, if and only if a convergent sequence y = {y,}exists and a
lacunaryA-statistically null sequence z = {z.} in relation to the
neutrosophic n-norm (u, 9, w)™ like that(y, 9, w)™ — limy = L,

Ax =y + Azand §5(A)({k € N: Az, = 0}) = 1.

Proof: Necessity. Imagine thatS, %" (A) — limx = L and
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1
k € N:u(yy, va, voos Yn—1, Dxp — L,t) > 1 — 7
1
K(j,t) = YY1, Vo oo V1, A% — L, t) < Fand
1
\ WY1, Yoy s Y1, Dx — L, 1) < 7 J

Using theorem (3.2) for any y;,v,,...,¥n—1 € X,t > 0and j € N, we
can construct a natural number increasing index sequence {r;} such that r; €
K(j,t),89(A)(K(j,t)) = 1 and thus, we draw the conclusion that for each
r>1; (j EN),

1
ke€l:ulyi,yz o Vn-1,0x, — L, t) > 1 — 7

f'l.l 19()’1: yz, ""yn—lx Axk _ L, t) < %and S ]];1

r

1
\ WY1, Yo s Yn—1, DX — L, t) < 7 J

Define y = {y;} and z = {z,. } as follows. If 1 < k < r;, we set y;, =
Axk and Zk = 0.

Now suppose that j > landr; < k < 7j,;.

Ifke K(@,t),ie, ulyy,ya vorYn-1, Axj — L, t) >1— %,

1 1
(Y1, Y2y eoor V-1, A%, — L, t) < 7and WY1, Vo) oo V-1, D — L, ) < 7

we set Vi = Axk and AZk = 0.

Otherwise,y, = Land Az, = Ax;, — L. Thus, it is evident thatAx = y +
Az.
We assert that(u, 9, )™ —limy = L. Let € > % If ke K(j,t) forall k >
7,
b1 Y2 o Yn-1u Yk — L) > 1= &9, y2, v, Yn-1, Vi — Lit) <
gand (U(YLYZ; o Yn-0JVk — L, t) <e.

Because € was arbitrary, we have established the assertion. Next, assert
that z = {z,} is a lacunary A-statistically null sequence with regard to the
neutrosophic n-norm(u, 9, w)™,

i.e.,Sp*7"(A) — limz = 0.
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It suffices to see that §9(A)({k € N: Az;, = 0}) = 1to support the
assertion. This results from the fact that:

kel:uly,ys, o Vn-1,0z, — L,t) > 1 —¢,
|{k € IT: AZk = 0}| < 19(3’1;)’2: ---ryn—erZk - Lr t) < e€and )

WY1, Vo eir Yn—1, Bz — L, t) < €

for eachr € N and € > 0. We demonstrate if § > 0 and j € N such that% <
8, then

hirl{k € I,: Az, = 0} > 1 — &for all » > r;. Remember from the design

that if k € K(j, t), then Az, = 0 for r; < k < 1;,1. Now, for t > Oand s €
N, let

|fk € N: u(y1,¥2, eoer V-1, Ax), — L, t) > 1 — %,
K(s,t) = 4 IWV1, Yoy eor Y1, Dx — L, t) < iand

Fors >jandr, < k < rs,q by (3.6.2),

1
ke N:u(y, ya, s Y1, Dxp — L,t) > 1 — =
K(s,t) = V1, Vo oo V1, Ax — L, t) < %and c{ke
1
k WY1, Vo ey V-1, Ax — L, t) < S J
N: AZk = O}
Consequently, if ry < k < rg,1and s > j, then
1
— |k € L: Az, = 0}
hy
( 1
kel uly, v o, Vn-1,Ax, — L, t) >1— 3
1 1
= ] 91, V2, eoor Y1, Ax — L, t) < —and ¢
T S
1
\ WY1, V2 ey V-1, A% — L, t) < 5 )
>1-2>1-2>1-6.
s j
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Thus, we obtaindy(A)({k € N: Az;, = 0}) = 1,which supports the
assertion.

Sufficiency Let x, y and z be sequence such that (¢, 9, W)™ —limy = L,
Ax =y + Az and §o(A)({k € N: Az, = 0}) = 1.

Then for eachy,, y5, ..., yn—1 € X, & > 0and t > 0, we have

k € N:u(ys, vz, v, Vn_1, Axp — L, t) <1 —c€or
(Y1, Vs oo V-1, Axx — L, t) = € and
W (Y1, Y2y ee» V1, Dxp — L, t) = €
keN:uly,ye o Yn-1, ¥k — L,it) <1 —¢or
c (Y1, Y2y eo» V-1, Yk — L, t) = € and U{k € N: Az, #
01 Y2 o Yno1 Vi — Lit) Z €
0}.
k € N:u(yy,va, ooy VYn—1,0x, — L, t) <1 —¢or
Therefore,dy (A) (Y1, Y2y eoor V-1, Ax) — L, t) = € and
w1, Y2 s Yno1, Dxp — L) Z €
keN:uly,va e, Vn-1, ¥k — L,t) <1 —¢€or
< &y (Y1, Y2y e» V-1, Yk — L, t) = € and + 8g(A){k €
WY1, Y2 s Yn-1, Yk — Lit) 2 €
N: AZk #* 0}
Since (i, 9, w)™ — limy = L, the set

keN:uly,ya oo, Vn-1¥x — L,t) <1 —¢€or
(Y1, V2, eo» V-1, Yk — L, t) = € and
WY1 Y2 s Yn-1, Ve — L) 2 €
includes only a finite number of terms,
keN:uly,va e, Vn-1,Vx — L,t) <1 —¢€or
thusdy YY1, Y2y eor» V-1, Yk — L, t) = € and
WY1, Y2r s Yn-1, Ve — L t) 2 €
Additionally, according to suppositiond, (A){k € N: Az, # 0}. Hence,

k € N:u(yy,va, s Yn—1, Dxp — L,it) <1 —¢€or

bg(A) 91, Y2 eoor Y1, DX, — L, t) = € and = Oand
01, Y2, wor Yno1, DX — L t) = €
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Consequently,Sg“? " (A) — limx = L.

4. SEQUENCES IN Nn VLS WITH LACUNARY A-STATISTICAL
CAUCHY STRUCTURE

Definition 4.1. Assume that(X, u, 9, w,*,$,©) is a NnN'LS. A sequence
x = {x;} € X is calledA-cauchy in relation to the neutrosophic n-norm
(u, 9, w)™if, foreache > 0,t > 0and y,, y,, ..., Vyn—1 € X, there exists k, €
N such that UYL, Y2 ooy Vo1, DXy — Axpp, t) > 1 — &,
V(Y1 Y20 s Y1, Dx — Axyy, t) < & and WY1, Y20 oer Y1, DXy —
Ax,,, t) < eforallk,m > k,.

Definition 4.2. Assume that(X, u, 9, w,*,¢,©) is a NaIN LS. A sequence
x = {x,} € X is called lacunary A-statistically cauchy or S, (A)-cauchy in
relation to the neutrosophic n-norm(u, 9, w)™ if, for eache > 0,t > 0and
Y1, V2, -, Yn—1 € X, there exists a number m € N satisfying

k € N: u(yy, v, oo V1, Dxp — Axpp,t) <1 —cor
8o (D) (Y1, Y2y eoer Vi1, Axy — Ax,, t) = € and = 0.

WY1, Vo eoes Vi1, DXy — DX, t) = €

Theorem 4.1. Consider(X, i, 9, w,*,$¢,O) bea NnV LS. If asequence x =
{x,} € X is lacunaryA-statistically convergent in relation to the

neutrosophic n-norm (i, 9, w)™ if and only if it is lacunary A-statistically
cauchy in relation to the neutrosophic n-norm (u, 9, w)™.

Proof: Let L be the convergence point of the lacunaryA-statistically
convergent sequence x = {x;}.Choose > 0, for a given & > Osuch
that(l—e)* (1 —¢)>1—-s,ede<sand e O e <s.

k € N:u(yy, v, oo, V1, Dxx, — L, t/2) <1 —¢€or
Let A(g, t) = (Y1, Vay eoer V1, Axy — L, t/2) = € and
0 (Y1, V2, wir Vo1, Axy — L, t/2) = &
Then for any t > 0and y4,y3, ..., Yn—1 € X,
So(D)(A(e, 1)) = 0, (4.1)
it suggests thats, (A)(A°(e,t)) = 1. Let g € A°(e, ©).

Consequently, u(y1, 2, ) Yn—1,8xy — L, t/2) > 1 — ¢,
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(Y1, Y2 eoor V-1, A% — L, t/2) < e and w(yy, V3, o) V-1, DXy —
Lt/2) <e.

Now, Let
k € N:u(y1, V2 s Y1, Axy — Axg, t/2)<1—sor
B(s,t) = (Y1, V2, s Yno1, Axy — qu,t/Z) > s and
w(yl,yz, er V-1, DX — qu,t/Z) >s

We must demonstrate thatB (s, t) c A(s, t). Let k € B(s,t) N A°(g, t).
Hence u(yl,yz, e r Yn-1, DX — DXy, t) <1-s,
w1, Vs s Y-, Bx — Lt /2) > 1 — &,
in particular,u(yy, 3, ., yn-1,8%, — L, t/2) > 1 — €.
Thenl — s = u(y1, Y2, - Y1, Dy — Dxg, t)

> u(V1, Yo s Y1, D — L t/2) % u(y1, 2 o) Yn—1, Axg — L, £/2)
> (1—¢)*(1—¢)>1-—-s,whichisnot possible.
On the other hand, 9(yy, vy, ..., Yn—1, Axx — Ax,, t) = s and
(Y1, Y2y eor V1, A% — L, t/2) < g, in particular,
19(y1,y2, s Yn—1,8xg — L, t/2) < e&.
Hence, s <9(y1, Y2 ) Yno1, A — Axg, t)

<91, Y2 s Y1, 8% — L t/2) S 9(y1, V2, o) Yno1, Axq — L, t/2)
< € ¢ € < s, which is not possible.

Similarly, (1, Y2, -, Yn_1, Axy — Axg, t) =s, @(¥y, Y2 r Yn1, Dy —
Lt/2) <g,

in particular, w(yy, ¥2, ., Yn-1,0%q — L, t/2) < &.
Hence,s < w(y1, ¥, ) Yn-1, A — Axg, t)

< w1, Y2 oo Yn-1, 8% — L, t/2) O a’(}’l'YZ; ey Yn-1, 8% — L, t/Z)
< & O € < s, which is not possible.
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Hence, B(s, t) < A(g,t) and by Eq. (4.1) §4(A)(B(e, ) = 0.

This demonstrates that, with respect to the Neutrosophic n-norm (u, 9, w)™,
x 1s lacunaryA-statistically cauchy.

Let x = {x;}, on the other hand, be lacunary A-statisticallycauchy but not
A-statistically converging with regard to the neutrosophic n-norm
(w9, w)™.

Choose > 0, foragiven € > Osuchthat(l—e)* (1 —e)>1—5s,e¢ e <
sand € © € < s.x is not lacunary A-convergent, thus.

(Y1 Y2r oor Yno1, By — Axyy, £)
=2 U1, Y2s eoer Yn-1, B — L, t/2) * M()’1:3’2’ ey Yn—1,Bxq — L, t/2)

>1—-¢e)*x(1—-—¢)>1-s5,
IV, Y20 s Y1, DXy — Bxpy, T)

<91, Y2 s Y1, 8% — L t/2) S 9(y1, V2, o) Yno1, Axq — L, t/2)

<ede<s

WY1, Y2 o Yn—1, Dy — Dy, t)

< 01 Y2 s Vo1, Ax = L t/2) © @(y1, Y2 s Yno1, Axg — L, /2)
<e®e<s.
Therefore 55 (A)(E€(s, t)) = 0, where

k € N:u(yl,yz, e r Yn-1, DX — DXy, t) <1l-sor
B(s,t) = ﬂ(yl,yz, ey Yn—1, DX — DXy, t) > s and and so
w(yl,yz, oy V1, Ax — qu,t) =S

8o(A)(E(s,t)) = 1.It is in conflict with the fact that x was lacunary A-
statistically cauchy with respect to the neutrosophic n-norm (u,9, w)™. In
light of the neutrosophic n-norm (u,9,w)", x must be lacunary A-
statistically convergent.

Corollary 4.1. Let (X, 1, 9, w,*,%,©O) be a NnIVLS and 6 be a £&. Then,
for any sequence x = {x,} € X, the following circumstances are
comparable:
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With respect to the neutrosophic n-norm (u,9,w)™, x is Sg(A)-
Convergent.

With respect to the neutrosophic n-norm (u, 9, w)™, x is Sg(A)-Cauchy.
There is a natural number sequence of increasing length K = {k,,} such
that §4(A)(K) = 1and the subsequence {x;_} is 8,(A)-Cauchy with
regard to the Neutrosophic n-norm (u, 9, w)™.

CONCLUSION

The current study has introduced the developments of lacunary, established
various properties of Sg(A)-convergent and Sg(A)- cauchy sequences in
NnVLS. Furthermore, this concept can be used in the future to find the
fixed point results of NnNLS for various types of mapping by using
various contraction conditions.
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