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ABSTRACT

This study adopts a numerical approach in the Lengyel-Epstein reaction
model for forming zinc oxide (ZnO) nanostructures. It aims to determine
the optimal approximation technique to analyze the growth of ion
concentrations in ZnO nanostructures. For this purpose, ordinary
differential equations are developed using the Dormand-Prince method in
the Lengyel-Epstein reaction model. The results obtained from this
technique are compared with the results obtained from the Adams-
Bashforth-Moulton (ABM) method. After a comparative analysis of both
methods, the results showed that the ABM method performs better than the
Dormand-Prince method. The accuracy and stability of the ABM method
are higher than those of the Dormand-Prince method. Furthermore, error
analysis for both methods confirms that the results obtained from the former
are more optimized. Moreover, this method also validates the results
obtained from the experimental procedure by using the aqueous chemical
growth (ACG) method to form the nanostructures of ZnO.

Keywords: Adams-Bashforth-Moulton (ABM) method, aqueous chemical
growth, Dormand-Prince method, Lengyel-Epstein reaction model,
ordinary differential equations, zinc oxide (ZnQO) nanostructures

1. INTRODUCTION

Zinc oxide (ZnO) is an inorganic compound that has outstanding
applications in the world of technology. Naturally, it is white in color and
found in powder form. It is not soluble in water but is easily soluble in
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diluted acids and bases [1]. Furthermore, it is a good conductor of electricity
and also characterized by strong absorption of ultraviolet rays [2]. Due to
these properties, ZnO can be used to make electronic, photovoltaic, and
biomedical devices [3]. Having the property of absorbing UV rays, it can
be used also in making skin lotions, sunblock, and wound healing ointments
[4]. ZnO is an antimicrobial compound, so it can be used in products that
reduce acne and treat other infections related to the skin [5].

The higher biocompatibility of this compound makes it favorable for the
drug delivery system. Hence, it is also certified by the US Food and Drug
Administration (FDA) [6]. Some more applications include in fields Turing
patterns in human beings and animals, drug delivery, morphogenesis, and
tissue development [7]. Further, ZnO has a wide range of applications in the
medical field due to its antibacterial properties. It is used in hygiene
products because it helps to prevent the growth of bacteria and increases the
lifespan of the products [8]. It also helps in the treatment of diabetic patients
because it contains zinc which has the ability to normalize the level of
insulin [9].

The binding energy of ZnO is very high at room temperature, that is,
around 60 meV, as compared to other semiconductors [10]. Due to this fact,
electron mobility is quite high, resulting in its amazing electrical properties
[11]. This is very important for the production of electronic and
optoelectronic devices [12]. It can also be used in light emitting devices,
sensors, and displays because ZnO nanoparticles are known for their room
temperature luminescence [13]. They are also distinguished by their
extraordinarily small size, typically less than 100 nm, which imparts them
with distinctive physical and chemical properties that set them apart from
other metal oxides [14]. This nanoparticle dimension is important because
it significantly increases the surface area to volume ratio, increasing their
reactivity, mechanical strength, and electronic properties [15]. These
characteristics make ZnO nanoparticles indispensable in a broad group of
industries. ZnO also has antifungal property, so it can be used in the paint
industry because it makes the coatings of paints more durable and its
nanoparticles contribute to better weather resistance [16]. Another
significant usage of ZnO is in rubber and plastic industries where it acts as
a reinforcing agent to increase the strength of utensils [17].

A wide range of ZnO nanostructures can be formed by using the method
of aqueous chemical growth (ACG) [18]. This method is simple and
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effective and can be performed at room temperature. In this method, there
is specific control over the morphology and size of ZnO nanostructures,
including nanowires, nanorods, nanoflexes, nanosphere, nanoneedles, and
nanotubes. Due to this fact, the ACG method is also preferred for the large
scale production of ZnO [19]. The formation of ZnO can be analyzed by
using mathematical modelling. Lengyel-Epstein reaction model helps to
predict the concentrations of zinc ions Zn?* and hydroxyl ions OH™ to form
ZnO nanostructures [20] . To solve differential equations in this model,
different numerical techniques can be used. In previous studies, Euler’s
method, fourth order Runge Kutta method, and Adams-Bashforth-Moulton
(ABM) method were used to solve the differential equations of this model.
The ABM method surpassed the other methods and provided more accurate
results. In this study, a different numerical technique is used to approximate
the concentrations of OH™ and Zn?*. The Lengyel-Epstein reaction model
is modelled by using the Dormand-Prince method for the first time in this
study.

Dormand-Prince method belongs to the Runge Kutta method’s family
[21]. To get the numerical solutions of differential equations, it involves
both fourth and fifth order Runge Kutta methods [22]. This method
constitutes the ultimate option to solve differential equations due to its high
level of accuracy. It controls the step size based on error estimation and
optimizes the efficiency of computations. Some of the implantations are
reported in [23]. In this paper, a comparative analysis is made between the
results of the Dormand-Prince method and the Adams-Bashforth-Moulton
method. Both methods were used in Lengyel-Epstein reaction model to
visualize the concentrations of OH™ and Zn?*. The error analysis of both
the methods showed that the ABM method delivers more accurate and
stable results than the Dormand-Prince method for this model.

2. EXPERIMENTAL PROCEDURE

In a controlled environment, a large amount of ZnO nanoparticles can
be produced by using the aqueous chemical growth (ACG) method. Starting
from the initial process, the substrate is coated with gold to minimize the
contaminations. Before starting the synthesis, the substrate is immersed in
a low concentration hydrofluoric acid solution. This is followed by using
the spin coating technique, that is, using acetone for cleaning and drying at
room temperature with the help of nitrogen gas. The solution of zinc acetate
dihydrate is applied to the substrate, which is rotated at 4500 rpm. This
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procedure is repeated multiple times till the solution is applied completely
to the substrate. After the complete application of the solution, the substrate
is heated to 70°C to stabilize the solution [24]. Meanwhile, another solution
is prepared in 250 ml of deionized water by fusing zinc nitrate and
hexamethylenetetramine in a 1:1 ratio. The pre-coated substrate is then
immersed in this prepared solution, placed in a container, and heated in an
oven for 7 hours at 100°C. Afterward, the oven is turned off and the
container is allowed to cool for 30 minutes. The substrate is then detached
from the container, revealing a layer of ZnO nanorods.

For the formation of ZnO nanowires, adjusting the pH of the solution
with 25% ammonia solution increases the diversity of the synthesized
nanostructures [25]. The production of ZnO requires two ions, namely zinc
ions Zn?* and hydroxyl ions OH-.

Zn?* is produced from the separation of zinc nitrate in water.
Zn(NOs) ,.6H,0 + 6H,0 - Zn*? 4+ 2NO3

OH-" is produced after the hydrothermal breakdown of HMT.
(CH,) ¢N, 4+ 6H,0 —» 6HCHO + 4NH,

ZnO is produced after the deposition of both zinc ions Zn?* and hydroxyl
ions OH"

20H™ + Zn*? - Zn(OH),
Zn(OH), — ZnO (s) + H,0
3. MATHEMATICAL MODEL

A mathematical model may be used to demonstrate the production rate
of the zinc ion Zn*? and hydroxide ion OH™ concentrations needed for the
production of ZnO. The Lengyel-Epstein reaction model is applied for this
purpose. The ABM method is implemented as a numerical technique in this
model to approximate the results in previous studies [26]. Moreover, this
study uses the Dormand-Prince method to estimate the growth of zinc and
hydroxyl ions. The following equations are used in the modelling of
Lengyel-Epstein reaction. The differential equations are formulated based
on the theoretical framework.

NH; + H,0 —» NH} + OH™ 1)
Zn(NO3),.6H,0 + 6H,0 — Zn*2 + 2NO; )
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20H™ + Zn*? - Zn0 + H,0 (3)

The differential equations describe the dynamics of the concentrations
of hydrogen ion OH~ and zinc ionZn*2, represented by x and v,
respectively.

These equations are as follows:

% =uxy)=a—x—4 ((12’(2)) 4)
% =vixy) = px (1 - (1fx2)) )

The parameters a and 8 play important roles in determining the behavior

of the system. The condition B>3?a—§ iIs used to evaluate the

concentrations of OH™ and Zn2* in steady state. It was also shown
experimentally that the growth of ZnO reaches a steady state after a certain
time and shows a linear behavior [26] . Mathematically, to solve these
differential equations, several methods can be applied to approximate the
concentrations of OH~ and Zn?* [27]. To find the approximate solutions,
the Dormand-Prince method is used. This method is an iterative method and
provides good estimated values of the concentrations of OH™ and Zn?*.
Furthermore, the results of the Dormand-Prince method are compared with
the ABM method to study the growth kinematics in ZnO nanostructures.

3.1. Adams-Bashforth-Moulton (ABM) Method

To solve the system of differential equations, the ABM method is a
useful numerical approach. This method is implemented to increase the
computational accuracy of the Lengyel-Epstein reaction model which is
used to determine the growth of ZnO nanostructures. This method consists
of two steps, namely predictor and corrector steps. To find out the values of
the next iteration, X, eq and ypreq are calculated. The following procedure

is to be followed for the implementation of this method:
At

Xpred = Xj + 24 (55ui - 59ui_1 + 37ui_2 - 9ui_3) (6)
At

Ypred = ¥i + 5, (55Vi = 59vi_q + 37vi_, — 9vi_3) ()

Here, u; and v; represent the predicted values of the differential
equations at time t;. The next step is the corrector step to obtain more
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refined predicted values of x and y by using the previous values of
Xpred and Ypred-

At
Xi+1 = Xj + Z(9upred + 191.11 - 5ui_1 + ui_z) (8)

At
Vit1 = VYi T Z(gvpred + 19v; — 5vi_; + Vi—z) 9)

The integration method continues iteratively over the specified time period,
continually refining the values of x and y by applying the predicted and
corrected estimates.

3.2. Dormand-Prince Method

In numerical analysis, the Dormand-Prince method is an iterative
technique known for its unique ability to achieve high accuracy and
efficiency in solving ordinary differential equations. This method is an
important member of the Runge Kutta family and is distinguished for its
adaptive step size control. It employs specific coefficients that calculate
intermediary stages which ensure high order accuracy, usually fourth or
fifth. The function estimation at each stage is determined by using the
Butcher tableau of the Dormand-Prince method as follows:

ki = hf(x;, ;) (10)
1 1
ko= hf (xi+3h ¥ +3k) (11)
3 3 9
ks =hf (xi+Sh yi+ ki +—ky) (12)
4 44 56 32
ko =hf (xi+2h yi+ oy = 2k, + Zky) (13)
8 19372 25360 64448 212
ks = hf (xi +5h’ Vit Gse1 ko — 2187 ko + 6561 ks _ﬁk“) (14)
9017 355 46732 49 5103
ke = hf (xi th Yyt gk — ke Yy ket ok — 18656k5)
(15)
For the next step, the value of y,,; is computed as follows:
35 500 125 2187 11
Yierr = Vi T oo ka5 ks 05, ke — o ks T 51 ke (16)

This iterative method increases the accuracy of the results while also
improving computational efficiency.
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4. RESULTS AND DISCUSSION

Figure 1 illustrates a detailed description of the concentrations of OH™
and Zn*? as determined by the exact solution of the obtained differential
equations of the model. The graph highlights a significant point where the
OH™ concentration drops to its lowest value of 0.38080 at about 1.18658
hours. Simultaneously, the concentration of Zn*? exhibits a maximum
point, getting the highest value of 1.30732 at about 0.41048 hours.

Exact Solutions of the Differential Equations

=——Concentration of Hydroxyl ion
= Concentration of Zinc ion

Concentration of Hydroxyl ion
Concentration of Zinc ion

04

: | | | | 1 1
0 1 2 3 4 5 6 7 8 9 10
Time ()

Figure 1. Concentrations of OH™ and Zn*? for the Exact Solution

Similarly, Figure 2 depicts the concentrations of OH™ and Zn*? as
determined by using the ABM method to solve the differential equations.
The minimum value of OH™ concentration is 0.3806 at 1.18658 hours and
the maximum value of Zn*? concentration is 1.30886 at time 0.41048 hours.
These values are close enough to the exact values which proves that this
method shows a good accuracy level and exhibits minimum error.

School of Sciences
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Adams Bashforth Moulton method

Concentration of Hydroxyl ion
= Concentration of Zinc ion

Concentration of Zing ion

Concentration of Hydroxyl ion

3 L L L L s L 1
0 1 2 3 4 5 6 7 8 9 10
Time (1)

Figure 2. Concentrations of OH”- and Zn"(+2) for the ABM Method

Figure 3 shows the OH™ and Zn*? concentrations determined by the
Dormand-Prince method. The minimum value of OH™ concentration is
0.37939 at 1.18658 hours and the maximum value of Zn*? concentration is
1.31471 at time 0.41048 hours. These values are also close to the exact
solutions but show less accuracy than the values obtained by the ABM
method.

Dormand Prince Method

0.9

0.6

Concentration of Hydroxyl ion
Il
Concentration of Zinc ion

04

03 1 1 1 1 1 . 1 1 1 1
0 1 2 3 B 5 6 7 8 9 10

Time (1)

Figure 3. Concentrations of OH™ and Zn*? for the Dormand-Prince
Method
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The comparative analysis of OH~and Zn*? concentrations using the
ABM method and Dormand-Prince method is shown in Table 1. The results
show a thorough analysis of the critical values given by both methods. The
values obtained from the ABM method are better than the values obtained
by the Dormand-Prince method, when compared with the exact results.
Although the prediction of OH~and Zn*? concentrations using the
Dormand-Prince method is good; still, when it is compared with the ABM
method, the estimation of the latter is more accurate.

Table 1. Concentrations of OH~ and Zn*?2 for Numerical Methods

Concentrations of OH~  Concentrations of Zn*?

Method
Fort=1.18658 For t=0.41048
Adams-Bashforth- 0.38060 1.30886
Moulton
Dormand-Prince 0.37939 1.31471

4.1. Error Analysis

The estimation of OH~ and Zn*2 concentrations from both the methods
give approximate results to their exact solution but also show some
differences. The result of OH™ concentration at t = 1.18658 hours obtained
via the ABM method is more accurate than the result obtained by using the
Dormand-Prince method. Similarly, the result of Zn*2 concentration at t =
0.41048 hours obtained via the ABM method is more reliable. The error
analysis of both the methods is also conducted. The error from the
Dormand-Prince method at t=1.18658 hours is 0.370% for OH~™
concentration and 0.565% at t= 0.41048 hours for Zn*? concentration, as
shown in Table 2.

Table 2. Error Analysis of OH™ and Zn*2 Concentrations

Concentrations of OH~  Concentrations of Zn*2

Method For t=1.18658 For £ =0.41048
Adams-Bashforth- 0.053% 0.118%
Moulton
Dormand-Prince 0.370% 0.565%
School of Sciences {@ UMT* 97
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Figure 4 shows the comparative error analysis of both the methods. This
comparison highlights the importance of selecting the suitable numerical
approach for the Lengyel-Epstein reaction model to ensure accuracy and
efficiency.

m Concentrations of hydroxyl ion B Concentrations of Zinc ion

% 0.60%
e 0.50%
3

S 0.40%
= 0,

§ 0.30%
i 0.20%

0.00% |
Adams Bashforth Moulton method Dormand Prince Method

Figure 4. Error Estimation of OH™ and Zn*? Concentrations
4.2. Conclusion

In this study, two different numerical approaches are compared. The
results depict that the ABM method shows a higher accuracy and stability
than the Dormand-Prince method. The values obtained from the ABM are
very close to the exact solution of differential equations and bear little error.
Meanwhile, the Dormand-Prince method significantly differs from the
exact solution. Although this method is effective and provides better
approximation than many other methods, the error estimation of this method
is larger than the ABM method. So, to estimate the concentrations with the
help of the Lengyel-Epstein reaction model, the use of the ABM method is
more advantageous than the other methods. To conclude, ABM outperforms
the Dormand-Prince method, which is evident from the numerical results
presented. The same is also confirmed by error analysis so presented.
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