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Abstract

In this paper, semi-analytical solutions of time-fractional Korteweg-de
Vries (KdV) equations are obtained by using a novel variational
technique. The method is based on the coupling of Laplace Transform
Method (LTM) with Variational Iteration Method (VIM) and it was
implemented on regular and modified KdV equations of fractional order
in Caputo sense. Correction functionals were used in general Lagrange
multipliers with optimality conditions via variational theory. The
implementation of this method to non-linear fractional diffrential
equations is quite easy in comparison with other existing methods.

Keywords: Time-Fractional KdV equations, Variational Iteration
Method (VIM), Laplace Variational Method (LVM), non-linear
Fractional Differential Equations

Introduction

The majority of phenomena in science and engineering are modeled
using non-linear differential equations, especially non-linear partial
differential equations such as Korteweg-de Vries equation [1, 2], non-
linear Schro'ndinger equation [3, 4], AC power flow model [5],
Richard’s equation for unsaturated water flow [6, 7], general relativity

[8], etc.

In the recent decades, fractional derivative has been widely used in
different non-linear problems to better understand the complex
phenomena which not only agree with the current state of the solution
but also with its historical background. This fact makes fractional
calculus special so that there are various fractional operators and any
scientist modelling the real world phenomena can choose the operator
that best fits the model [18]. In order to model the real world problems,
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people have obtained new fractional operators with non-local and non-
singular kernels [18].

The Variational Iteration Method (VIM) was first presented by the
Chinese mathematician Ji-Huan He [17]. The key property of the method
is its flexibility and its ability to solve non-linear differential equations
using a very simple procedure. The results are acceptable and have been
implemented to an extensive class of non-linear problems [17]. Laplace
Transform Method (LTM) is a powerful tool which has been used during
the last few decades to solve not only ODEs with constant and variable
coefficients but also PDEs.

Recently, active attention has been paid to couple more than one
techniques to solve a problem in order to get better results with rapid
convergence [16]. In this paper, two techniques VIM and LTM are
combined and labelled as Laplace Variational Method (LVM). The key
extracts of this semi-analytical technique are (a) to use initial condition
(and avoid boundary conditions without any discretization) [16], (b)
linearization and (c) restrictive assumptions to solve the non-linear
fractional differential equations.

The method description of the proposed technique LVM is presented
in section 2. In section 3, it is employed to obtain the solutions of the
time-fractional differential equations, representing obscure non-linear
phenomena in a very simple way. In section 4, the conclusion is drawn
and discussion is made about the effectiveness of the proposed method
and the solutions of shallow water waves.

Here, we present the related definitions of Laplace Transform and the
fractional derivative of Laplace Transform.

1.1 Laplace Transform

The Laplace Transform of a function w(t) is defined as

oo

F(s) = L{p(D)} = f et ¢ (D)dt.

0

1.2 Laplace Transform of Fractional Derivative in Caputo Sense

The Laplace Transform of the fractional derivative D* (£ (t)),
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n-1
LDEGD} = sF () = Y 5707 1(0),
q=0

n—1<na <n. (1.1
2. Method Description

To understand the method description of LVM, first consider the
generalized fractional differential equation having the following form,

DEP(E, ) + L(¢(6, 1)) + N (¢(€, 1))
=f (&t (2.1)
P(,0)=¢y n—1<na <n; t>0

Where D¢ is time fractional derivative in Caputo sense, L is linear
operator, N is non-linear operator and f (¢, t) is the known function. The
recursive relation after applying the Laplace Transform on Eq. (2.1) is as
follows,

Prs1(6,5) = ¢ (§,5) + AL{DEP(E, 1) + L (pn(£,0)) +

Where A is the general Lagrange multiplier. Here, taking the variation
in order to obtain the value of Lagrange multiplier using optimality
conditions we obtain

8¢n+1 (fl t)
§¢n (S, )

Thatgives A = S_Tl On substituting the value of A and taking Inverse
Laplace Transform of Eq. (2.2), we obtain

Prri(B0) = G (5O — L7 s~ L{DIGL(E D) + L(9(E D) +
N(nED) - fE D). (23)

)=0, and 6&¢, =0,

On  substituting n=0,1,2,..,we obtain the successive
iterationsg1, ¢2, ¢3,... In the next section, we implement the proposed
LVM to solve non-linear fractional differential equations.

3. Applications
This section is dedicated to examples on which LVM has been applied.
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More specifically, we apply the method to solve different non-linear
time-fractional KdV equations.

3.1 Example 1
Here, we solve time-fractional regular KdV equations using LVM.

D + a19pe + P1dpee = 0; 0 < «
<1, (3.1)

having the initial condition

$(E0) = ¢ = sech?BE,

where o = % (€ cA3) is the non — liner, §; =

Co hz

represents the dispersion parameter.

Now, we apply VIM on Eqg. (3.1). We get

¢n+1(§: t) = d)n (El t)

0
0° pn
75 } (3.2)

Applying Laplace Transform on Eq. (3.2), we obtain

Prs1(65) = b (§5) +£ {A {DEGn(Es) + g T + %}} (33)

Now, using the definition of Laplace Transform of fractional
derivative given in Eq. (3.4) in Eq. (3.3)
= s%n(§,5) — s 1Pa(8,0), (3.4)

we get

Pri1(65) = Gu(6s) + s Pn(E ) — 1, (5 0))
lea 0 0° n
+ {a1¢n aE + ﬁl azg "

One can obtain the value of Lagrange multiplier using the optimality
conditions, that is, A = ;—i On substituting the value of A, we have
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1
¢n+1(z' S) = ¢n(§r S) - S—a {S“¢n(§, S) - S“_1¢n(§, 0)}
-1 { —_ 0¢, 63&5;}

_S_O‘L o1 Pn FT3 + B FIE

Taking Inverse Laplace Transform and simplifying it, we obtain

¢n+1(z' t) = (pn(g; t)
dd, 03¢,
— L_l {S_(XL {Déx(pn(z, t) + (de)n 32 + ,8]_ ag; }}

Forn=0,1,2,..., we have the successive approximations ¢, ¢,, Ps ...

d 03¢,
P11 t) = Po(§t) — L7 {S_QL {Dfxﬁbo + a1 (;I-:)Eo + B4 ag;: }}

3
Putting the values of ¢, (&, t), ¢, % and 3a:;n'

¢, t) = aseach?p; — Ao {—2a’a,f;seach?p; thanp; &

+ B1(16ap3seach* B thanp; €
— 8ab3seach? B, € tanh3 B, &}.

¢ can be obtained in the same manner.
The solution ¢ (&,t)can be obtained by taking sun of ¢0, ¢1,
P2,...,i.e,

we find

(04

dE ) = Z(po + P + P2 t+...0).
3.2 Example 2

In this example, we consider another time-fractional KdV equation of
the form

Dg¢+,31(]5&§= 0 0<ac=<sl,

subject to the initial condition

¢(€' t) = ¢0 =

a
cosh? B, &

Co h2

where B; = represents dispersion. Applying VIM, we find
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Prr(68) = (€, 1) + A {Dfa (& 1) +
pr 5t} (35)
Applying Laplace Transform of Eg. (3.5), we have
¢n+1(€» s) = ¢n(f: s)

+AL {{D?‘¢n(§, t)

93¢,
+ B, ag; }} (3.6)

Using the definition Eq. (1.1), we get the expression
P10 = u(6,) + M BuE,8) — 596,00}
+ AL {,31 g d’"}.

75 (3.7)

One can find the value of general Lagrange multiplier A = ;—; using

. Lo S t1(Es) _ ~ _
the optimality conditions SO 0Oand 6¢, = 0.

By putting the value of A and applying Inverse Laplace Transform on
Eq. (3.7), we get

¢n+1(f: t) = bn ¢ 1)

— L1 {s‘“lj {Dgcpn

3
+ B4 4 ¢”}}. (3.8)

FIZ

The following iterations ¢, ¢, ¢5 ... can be obtained from the Eq.
(3.8),

1) - 93¢
$1(§,t) = Po(§,t) — L 1{5 aL{Df{¢0+.31a_€3}}

-1)—a a 63¢)1
(&, ) = p1(&, 1) — LT {s7L{Df ¢1+ﬁ16—$3
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3
Further, using the values of ¢y(&,t) and%the above
expressions will end up with

$1(&,t) = asech®B;¢
ta
T T oy Bu(16apisech® Biftanhp:§

— 8apisech? B, §tanh®p;§)}

)
= a sech?fB¢ '

T o L Pi(16aBisech® By Stanhpig
— 8af3sech?pB,Etanh3p, )}
1

t ) Ta T @)z o Flsech® it (ttalar(a

+ 2a) (—11sinhp,é)

+ sinh3p,8) (t%B(—1208 + 1191cosh2B,& — 120cosh4p &
+ cosh6B,6)I' (1 + a)sech3p,&

+ I'(1 + 2a)(—11sinhB; & + sinh3p;€))}

The solution ¢ (&, t)can be obtained by taking the sum of ¢0, ¢1,
¢2,...,i.e.,

dE ) =2(po+P1+ o+ ....)
3.3 Example 3

Here, we consider the time — fractional KdV — like equation, i.e.,

Di'¢ + cope + a1(¢§ - ¢¢§) + 1Pz = 0; 0<a <1,
subject to the initial condition

¢(€: O) = ¢0 =

a
cosh?3; ¢’

where a; = 2% (€ cA3) represents non — linear and f; =
h? - .
C"T represents the dispersion parameter.

Now, implementing VIM, we have
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¢n+1(€1 t) = ¢n(€: t) ~
9 b, . 0p,
+/1{Dt¢’n+‘30§; 1((;‘%)2 ®n ;2)

0 dn
+ By a; } (3.9)

Applying Laplace Transform on Eqg. (3.9), we obtain
Pn+1(§,5) = dp(&,5)

« 0¢n On On
+L A{Dt¢n+ Co e T (G~ )
03Py,
e }}
Using the definition Eq. (1.1), we have
Pns1(§,5) = Pp(§,8) + /1{5“¢n(f s) — s 1¢n($; 0)}
+M;{Co g?+0(1(( (;Zn)z Pn (;én)
03pn
+ 4 TS } (3.10)

The value of Lagrange multiplier A = ;—i sa can be obtained using the
optimality conditions, i.e.,

6¢n+1 (f' S)
S¢n($,s)

On substituting the Lagrange multiplier and applying inverse
Laplace Transform on Eqg. (3.10), we get

¢n+1(€r t) = ¢n(ff t)
1 9 o,
e {—L{Dg¢n+co ;bz + oy (( qbz

e

Forn =0,1,2,..., we get the approximations ¢, ¢,, ¢5 ... that are

=0, and 8¢, = 0.

., 0%
Y = fu )
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$1(&,t) = ¢o(§, 1)

1 9 e,

—L-l{s—aL{meo (f;" (G ¢’° 2 — g fz)
I

+ 1 623 }} (3.11)

Now, putting the values ofgy(¢,t), a:;(’)Z bo =2 a¢0 and aaz% Eq.

(3.11) and simplifying, we obtain
$1(&,t) = asech®B &
toc

~TT —{~2acopysech?p§ tanh f,§

+ oy (2a?B;sech*pB; & tanh B, &
+ 4a?BZsech* B, tanh? B, &)

+ B, (16aB3sech* B¢ tanh B, &
— 8apisech? B,& tanh3p; §)}.

¢, can be evaluated in the same manner and ¢ (¢, t) can be obtained by
taking the sum of

¢0' ¢1r ¢2! i.e.,
¢ 0) =2(po+ 1+ 2+ ...
3.4 Example 4: Gardner’s Equation

Here, we solve time-fractional Gardner’s equation using Variational
Iteration Transform Method,

Dip + o1 9(1 + ) + Brgpees = 0,
along with the condition

a
$(,0) = ¢o = M,

where a, = 2%(60/13) represents the non-linear and §; = C"T"z represents
the dispersion parameter. Implementing VIM,

Purr (60 = Ba(6,0 + A {DFpy + cu B+ Fo) 22 4 p, 22}

Now, applying Laplace Transform that gives
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Pre1(§,5) = Gn(§,5) + £ { (DEpn + uFr1 + Gy 22 4

3pn
A W}}-
Using the definition of Laplace Transform of fractional derivative
(Eg. 1.1) in the above equation, we have
¢n+1(€r s) = d)n(f s)+A {Sa(pn(f s) — Sa_l(pn(f 0)}

B
+L{A{a1¢n(1+¢n) S p, agi} ,

While general Lagrange multiplier A = ;—3 can be evaluated using the
optimality conditions

6Pn+1($,5)
6un($,9)

Bni1(§,5) = dn(§, ) 5
-7 {Dﬁcpn + a1+ ) az b i b, ag’;"}.

=0, and &EL =0,

Here, we apply Inverse Laplace Transform that gives

¢n+1(€: t) = ¢1’l (fi t)

- L { L {Dtad)n + O(1¢n(1 + ¢n)

3
0°¢n
+ B4 PR
For n = 0,1,2,..., we have the successive approximations ... that are

¢01 ¢1' ¢2
$1(8,8) = ¢o(§, 1)

1
- L7 {s {Déxﬁbo +0(1¢0(1+¢0) aE

GALON
+ B, 7T }I (3.12)

0y
a8
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Substituting the values of ¢, (&, t) , %% i Eq. (3.12), we have

0%
$,(5t) =a sechz,ﬁ’lgz
T @ ((-2a?Bisech?Bi tanh 1§

— 2a3p, sech®p,; & tanh ,§)
+ B1(16a B3sech* B, & tanh ;&
— 8a B3sech? p;&tanh3 B, &)},

¢, can be obtained in a similar way. The solution ¢ (&, t) is the sum

of o, P1, 2,..., I.€.,
¢ ) =2(Po+ P1+ P+ ...).
4. Concluding Remarks

The proposed method LVM is understandable with only the basic
knowledge of advance calculus; indeed, it is understandable even for the
reader who has no background of calculus of variations. It is simple and
easy to apply as compared to the more traditional VIM for fractional
differential equations. The advantage of this extended variational method
is that Laplace Transform helps to expedite the computational cost and
can easily be applied to non-linear dynamical systems using user friendly
softwares such as Mathematica™ and Maple™ .

References

[1] de Jager EM. On the origin of the Korteweg-de Vries equation.
https://arxiv.org/abs/math/0602661

[2] Grunert K, Teschl G. Long-time asymptotics for the Korteweg—de
Vries equation via nonlinear steepest descent. Math Phys, Anal
Geom. 2009;12(3):287-324

[3] Halliday D, Resnick R, Merrill J. Fundamentals of physics. vol. 9.
New York: Wiley; 1981.

[4] Serway RA, Moses CJ, & Moyer, CA. Modern physics. 2nd ed. New
York: Cengage Learning; 2004.

[5] Low SH. Convex relaxation of optimal power flow: a tutorial. Paper
presented at: Bulk Power System Dynamics and Control-IX
Optimization, Security and Control of the Emerging Power Grid
(IREP); 2013 August IREP Symposium; IEEE. 1-15p.

Scientific Inquiry and Review
Volume 3 Issue 4, 2019

[$]

[00)

i
=]
-


https://arxiv.org/abs/math/0602661

Arshad and Igbal

[6] Nimmo JR. Theory for source-responsive and free-surface film
modeling of unsaturated flow. Vadose Zone J. 2010;9(2):295-306.

[7] Gray WG, Hassanizadeh SM. Paradoxes and realities in unsaturated
flow theory. Water Resour Res. 1991;27(8):1847-1854.

[8] Griffiths JB. Colliding plane waves in general relativity. New York:
Courier Dover; 2016.

[9] Arshad S, Sohail A, Magbool K. Nonlinear shallow water waves: a
fractional order approach. Alexandria Eng J. 2016;55(1):525-532.

[10] Ahmad H. Variational iteration method with an auxiliary parameter
for solving differential equations of the fifth order. Nonlinear Sci
Lett —Ser. A. 2018;9(1):27-35.

[11] Jarad F, Abdeljawad T. Generalized fractional derivatives and
Laplace transform. Discrete & Continuous Dyn  Syst.
2019;13(3):709-722.

School of Science AN
1@y 59
Volume 3 Issue 4, 2019 phy 4






