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Finite Fractional Hilbert Transform
Naheed Abdullah'>" (7, Saleem Igbal*”, and Abdul Rehman?

'Department of Mathematics, Government Girls Post Graduate College, Quetta, Pakistan
’Department of Mathematics, University of Balochistan, Quetta, Pakistan

ABSTRACT

In the present paper, we introduce the finite fractional Hilbert transform.
Parseval-type identities concerning the finite fractional Hilbert transform
are proved. Moreover, we obtain an inequality for finite fractional Hilbert
transform of f— Holder continuous functions. Applications for some
functions are also provided.

Keywords: finite fractional Hilbert transform, fractional Hilbert transform,
Parseval-type identities, f— Holder continuous function

Highlights

e The study circumvents a new finite fractional Hilbert transform,
extending the classical and finite Hilbert transforms to a finite interval.

e Key Parseval-type identities and boundedness results for the finite
fractional Hilbert transform, including for P-Holder continuous
functions, are established.

e Practical upper and lower bounds are derived while illustrating them
with numerical examples in areas such as signal and image processing.

1. INTRODUCTION

The finite Hilbert transform, when it exists, is defined as [1]

Tf(t) = 1 1 &dx.
T™) 4 t—x (1)
In contrast to Hilbert transform, Cauchy’s principal integral for finite
Hilbert transform is over a finite interval. In the literature [2, 3], this finite
interval is mostly assumed to be (—1,1). Some of its properties, for example,
linearity, boundedness, and Parseval’s formula, follow directly from the
Hilbert transform. However, some other properties of the finite Hilbert
transform cannot be deduced from the infinite transform. As an example,
the inverse of the finite Hilbert transform is not unique and depends on the
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function f{¢). The finite Hilbert transform has been studied extensively based
on its applications in the theory of aerodynamics, namely the airfoil
equation, image reconstruction, and for its own interest. Its extension and
inverse have been investigated in [3—6].

The fractional Hilbert transform was introduced by Lohmann,
Mendlovic, and Zalevsky [7]. Cusmariu and Zayed have given alternative
definitions of fractional Hilbert transform [8—11]. The fractional Hilbert
transform of a function /' € LP(1 <p < «) is defined as [11]

1 0o i - cot a
Hu[f(t)] == | —————/f(x)d
/()] p 1@ T —t J(@)d fora # 0, n/2, n. (2)

The reader is referred to [12—16] for a detailed discussion on fractional
Hilbert transform.

The following results play a vital role in the study of fractional Hilbert
transform. These well-known results will be of use in later applications.

Proposition 1 (Parseval formulae) [17]

Letf€ L’ forp > 1, and g € L such that (1/p) + (1/q) = 1. Then

| sl =— [~ soH-lgwia, o

/ " f(t)g 0yt = — / " HL () Ha g (1))dt. "

Theorem 1 (M. Riesz) [17]
Forfe€ L? for p > 1, the fractional Hilbert transform satisfies
Hef llp < Rpllf llp

where

R, =t 1<p<2cot 2<p<
—_— — — m.
P an2 p co2 <p

Definition 1 /18] A function f: [—1,1] — R is called p— Hélder continuous
on (=L 1) ifforall x, t € (—1,1) and 0 < B < 1, there exists any constant H
>0 such that

[fx) — f{6) < H| sx — t|b.
Clearly, f is a continuous function that satisfies Holder’s inequality.
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The following result holds.
Theorem 2 [19] If fis a p— Holder continuous on (—1,1) then

701 - 221 (55)| < gl + 0P + (1= 0F] < Z2H(1 -

(—DF). (5

In the present paper, we define the finite fractional Hilbert transform.
Further, we consider some of its identities that play a vital role in the study
of this transform. Moreover, some results of the finite Hilbert transform in
[1] are modified. Plots for the functions of interest are also provided. The
organization of the paper is as follows. In Section 2, we define finite
fractional Hilbert transform. In Section 3, we discuss Parseval-type
identities. In Section 4, we study the boundedness of finite fractional Hilbert
transform. Finally, plots for functions of interest are provided.

2. FINITE FRACTIONAL HILBERT TRANSFORM

In the present paper, we introduce the following definition of finite
fractional Hilbert transform 7, of f € L” (1 <p < o) as

1 1 et 57— cot a
T = 5 [ @, ©)

which exists a.e. for # € (—1,1).

It is a generalization of the finite Hilbert transform. It satisfies the
linearity and boundedness properties which can be deduced from the
fractional Hilbert transform and can be easily proved. However, some
results are indispensable for the further study of finite fractional Hilbert
transform. The local properties of the fractional Hilbert transform can be
well understood from the finite fractional Hilbert transform. Therefore, the
proposed finite fractional Hilbert transform can have applications in image
reconstruction besides pure mathematical interest.

3. RESULTS

3.1. Some Identities for Finite Fractional Hilbert Transform

The following results hold.

Theorem 3 Let f € [” and g € L such thatp > 1, g > 1, and% +% =11f
both f and g vanish identically outside of the interval (—1,1), then
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L[jwnmwm—lg@TAWWm -
. 2.
[HmmmwaLZM@mmww+wjm“[l & T (T lo0)] (0T 0]
(8)

Proof: The proof of the first equation follows directly from the Parseval-
type identity for the fractional Hilbert transform 3.

The second equation is an analog for the modified Parseval-type identity
provided for the finite Hilbert transform [7].

3.2.Bounds for Finite Fractional Hilbert Transform

Many authors have investigated inequalities for the finite Hilbert
transform [20]. In this section, we obtain an inequality for the finite
fractional Hilbert transform of a f—Hdlder continuous function which is a
modification of the result in [19].

Theorem 4 Let f € L? be a f—Hdlder continuous function on (—1,1), such
that T, [f ()] exists for all t € (—1,1). Then

ITLLF (O] = FOT S [+ 1 + A - 0F] <2 2H(1 -
(=DF),
forall x,t € (—1,1).

Proof:

2
o C—i,%mtu 1 ('T‘“t” \
T[] = / f(z)ds.

T 1 Tt
_,—tha 1
_ e 2 / ()jTZ(()TﬂMdI-,
™ -1 vt

_ittcota pl o _it2 ot e 1 ) .
€ 7 cote ()7—cotaf(T> 7f(t)d’l‘+ € 'z cota Gi%com j(ﬂ d’[‘
T -1 r—1t v ™ 1 ’ r—1 -

7iﬁ cot o 1 5 (o
:€ 2 / ()i%cotafu) f(>
-1

s r—1

717cota o1 9 N
TLIf)] = fO)TL[1] = ‘ /lel%comwdm.

dr + f(1)T.[1],

s r—t
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Taking modulus on both sides, we get

i eota ol
e~ wtu/ eiécot(yf(aj)—f(t)d

us _ z—1
1
/.

L[ et

[Tl (O] = fFOTA] =

X

.42
et cot v

zr—j cot « f(x) — f(t)
T —t

IA

dx,

(&

™

), |-t

Since f'is f—Holder continuous function, so we can write

.1 T 3
\Tu[f(f)}*f(t)T[l]|§l/ ] dr,

T 1 |l’—t|

1 /! 1
é—/ ——dx,
T g Jx =t

1 t—e 1 1 1
< Zlim - ds —d
<o [ Gt [ g

(4 _ p\B|tE -
< 1. (t—x) n (x —1t)
— e—0 8 8 ) ?
T / —1 / t+e
1+ 1P -t
o B '

Therefore,
(t+1)P(1—1)f

3

TalfO] = FOTH] <

Using Inequality 5 gives us the second inequality. Thus,
1—-3

ITalf(O] = F(OTL[1]] < E[(t +1)7+ (117 < o

BT

H(1 - (-1))°

This completes the proof. Using triangle inequality for complex
numbers, we can state and prove the following basic result which gives us
bounds for finite fractional Hilbert transform.

Theorem 5 Let f € L? such that T, [f (¢)] exists for all t € (—1,1), then we
have the inequality

Talf O = f DTl 1] < |Tol f (D] = fOT1]] < |Tolf (D] + [F (OTL[1]]. (10)
4. NUMERICAL EXAMPLES

By using Inequality 10 we define the lower bound for finite fractional
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Hilbert transform as

f O] = Tlf O] = [f )T 1],
the upper bound as

U 01 =Tof O] + If (DTl 1]],

and |Tu[f (©)] —f (6)T4[1]| by D[f (¢t)]. If we consider the function f: [-1,1] —

R, f(f) = €', then it can be seen in Figure 1 that the plots of /[ (¢)],D[f ()], U[f

(#)] are close to each other. Figure 2 contains plots /[f(¢)],D[f (¢)], U[f (¢)] for
f(®) =Vt? + 1. For the function f{f) = sin(¢), Figure 3 contains plots /[f

(O1.DF OLUL (1)1

|
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

1

Figure 1. For a = %, Plots of a Lower Bound, The Difference D[f ()] and
an Upper Bound for T,[¢].
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Figure 2. For a = %, Plots of a Lower Bound, The Difference D[f (¢)] and
an Upper Bound for T, [Vt? + 1].
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Figure 3. Fora = %, Plots of a Lower Bound, The Difference D[f (f)] and
an Upper Bound for T, [sin(t)].

S5.CONCLUSION

The current paper’s definition of the finite fractional Hilbert transform
and the discussion of boundedness and linear properties are its main
contributions. All Hilbert transforms, including the classical Hilbert
transform, the finite Hilbert transform, the fractional Hilbert transform, and
the finite fractional Hilbert transform, are linear transforms according to
their linear property. Another contribution of the paper is that we have
proved bounds for the finite fractional Hilbert transform and studied
numerical examples.

In future research, an inversion of the finite fractional Hilbert transform
can be proven. We propose that the readers study the expansion of the finite
fractional Hilbert transform on £2 and LP spaces.
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