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ABSTRACT

Integrating soft set theory with multi-operational structures poses a
foundational challenge In parameterized universal algebra,. In this paper,
the theory of free soft trioids were developed establishing the existence and
construction of free objects in the category SoftTrioid. Also we construct
a non-restrictive definition of soft trioids equipped with pointwise
operations with genuine context sensitivity. The free soft trioid being
realized as a two-sorted term algebra prove the universal property and show
that the word problem is decidable in linear time via a confluent rewriting
system as the algorithmic implementations were supported by empirical
validation. The relevance of our study were demonstrated by its
applications in context-dependent type systems, formal verification,
knowledge representation and access control thus situating soft trioid theory
as a robust link between algebraic foundations and computational practice.

GRAPHICAL ABSTRACT

Applications and Computational Varieties of Free Soft Trioids
A Non-restrictive Algebraic Framework with Efficient Computation

( 1. SOFT TRIOID FRAMEWORK ) ( 2. FREE SOFT TRIOID CONSTRUCTION ) 3. COMPUTATIONAL FOUNDATION
A soft tricid is a parameterized For any generating pairs (X, E), the free soft trioid Word problem for free soft trioids is decidable in
structure with three binary operations is a two-sorted term algebra linear time via a confluent rewriting system.
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Highlights

e A non-restrictive framework for free soft trioids is developed.

e Linear-time normalization is established through confluent rewriting.

e Applications include type systems, verification, knowledge representation,
and access control.

1. INTRODUCTION

The intermix framework of algebraic structure and contextual
information are quite challenging in the field of mathematics and computer
science as existing frameworks have prove useful in modelling
deterministic relationships under fixed operations but fail in operations
which involves external parameters, environmental conditions or subjective
interpretations as depicted in multi-criteria decision making [1], adaptive
access control and heterogeneous knowledge representation. To address this
bottleneck, two different lines of enquiry has emerged but the potential of
their intersection have been unexplored. Firstly, the Molodtsov’s soft set
theory [5] which by design handles uncertainty via parameter-indexed
families of subsets, preserving classical set-theoretic precision unlike fuzzy
[6] or rough sets [7] and is widely used in algebra [8], topology [9] and
decision theory [10]. The potency of soft set theory, lies in permitting
arbitrary parameters—criteria, contexts, agents or time instances — without
prior restriction. Secondly is the associative algebra which emerged from
semigroups via Dimonoids [12, 13] to Trioids [14, 15]. Historically, Trioid
(T,4,+,1) which originates from the study of operads and polytopes
present three binary operations with eight axioms that encode relevant
interactions to algebraic combinatorics, rewriting and Leibniz algebras [20].
Further investigation into structural themes such as semiretractions [16],
commutative variants [18] and combinatorial links [19] have enriched the
theory thereby solidifying trioids as a fruitful algebraic domain.

Recent applications of soft set theory with other structures such as
dimonoids, digroups [23, 24] and dirings [25] have proven useful in
bridging the ones separated domain of studies, yet the results realized
impose a restrictive subalgebra condition on parameters—an inheritance
that undermines expressivity, as the dynamic nature of real-world contexts
cannot be fully captured using closed substructures, thus leaving open the
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construction of free objects in soft trioids. This paper is aimed at resolving
his gap through a non-restrictive definition that allows arbitrary parameter
images and pointwise operations, enabling genuine context sensitivity. We
develop free soft trioids as two-sorted term algebras over
generators X and P, with parameter application as a unary operation thus
establishing a universal property which does not exist in literature and
supply empirically validated normalization algorithms. The main
contribution is 5 fold as follows:

First, we prove the existence and construction of free soft trioids
(F(X,P), Qp, P) for any generating pairs (X, P) thereby establishing the
universal property in the category SoftTrioid of soft trioids and soft
homomorphisms. Secondly, we characterize the word problem for free soft
trioids, validating decidability in linear time through confluence rewriting
system which contrast the universal word problem for the variety of all soft
trioids. Thirdly, we develop efficient algorithmic implementations such as
pseudocode for normalization, equality checking and the empirical
validation using Haskell prototype. Fourthly, we demonstrate the practical
utility of free soft trioids via detailed case studies in context-dependent
access control systems, where policy consistency, conflict detection and
minimal privilege calculation are reduced to algebraic operations. Finally,
we establish the enriched categorical structure of SoftTrioid in connection
with coalgebraic methods, thus laying the foundation for future directions
in parametrized universal algebra.

The advantages of this novel method over existing frameworks are as
follows: Unlike the existing soft algebraic structures that restrict parameters
to subalgebras, this framework permits arbitrary context-induced subsets
activates genuine parameter sensitivity. Also the algebraic approach
adopted in this study provides symbolic reasoning to formal verification,
policy analysis and knowledge representation unlike existing numerical or
stochastic modelling methods [31-34] based on quantitative simulation.
Therefore, the integration of soft theory with trioid structures serve as a
natural setting for modelling three modes of composition namely:
sequential, parallel and override as shown in access control, workflow
management and multi-modal logic systems. This paper is organized as
follows. Section 2 recalls preliminaries on soft sets and trioids. In section 3
we construct free soft trioids - definition, term algebra construction,
universal property and word problem. Section 4 discusses implementations,
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algorithms, validation and applications in type systems, verification,
knowledge representation and access control. Section 5 concludes with
contributions and future directions such as fractional and stochastic
extensions.

2. PRELIMINARIES

This section establishes the foundational concepts necessary for the
development of free soft trioids. We refer the reader to Molodtsov [5] for
more detail on Soft set and Zhuchok [12, 14, 16 - 20]

2.1. Soft Sets

Since its introduction by Molodtsov [5], the study of soft set has shifted
the paradigm in handling uncertainty and parameterization in numerous
mathematical structures unlike the traditional methods which modifies set
membership via degree functions (fuzzy sets) or approximation operators
(rough sets [7]). This conceptual transparency generated numerous
applications across various mathematical disciplines, such as algebra [8]
topology [9], and decision theory [1, 10].

Definition 1. Let C be a universal set and £ a nonempty set of parameters.
A soft set over C is a pair (,K) where K € E and

Q: K - PO

is a mapping from the parameter set K to the power set of C.
Definition 2. The support of a soft set (£, K) is defined as
Supp(Q,K) = {a€K:Q(a)+ 0}.

A soft set is called non-null if its support is non-empty, i.e.,
Supp(Q,K) =+ 0.

Remark 1. The parameter set K need not be finite, though in
computational applications we typically restrict to finite or countably
infinite parameter sets. The flexibility in choosing K allows soft sets to
model a wide range of contextual information, including criteria, agents,
time instances, or environmental conditions.

Example 1. Let C = {h1, ho, h3, hs} be a set of houses, and let

E = {expensive, beautiful, cheap, modern} be a set of parameters. Define
K = {expensive, beautiful} S E and
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Q(expensive) = {hi, h3}, Q(beautiful) = {h2, h3, hs}.

Then (Q,K) is a soft set over C representing the houses that satisfy
each property. The support is Supp (Q,K) = K, for both non-empty
parameter images.

2.2. Trioids

Trioids represent originates from the study Loday on operadic chain
modules and Stasheff polytopes [12, 14]. Over the years, various the trioid
theory has been further deepened through numerous considerations, notably
on semiretractions [16, 17], commutative variants [18] and combinatorial
connections [19, 20], establishing trioids as a rich terrain for algebraic
exploration.

Definition 3. [13] A trioid is a quadruple (T,4,+-,L1) where T is a
nonempty set equipped with three binary operations: 4,+, L:T XT — T
satisfying the following axioms for all x,y,z € T:

(TH(xAy)dz=x4(y +2)
(T2)(xFy)dz=xF(y-2)
(MTHExHAy)Fz=xF(yF2)
(TH(xAy)dz=x4(y L2)
(MY Ly)dz=x 1L (y-2)
(TO)(x4y)Lz=x 1L (y+2)
(THxry)Lz=xF(yL2)
(M8)(xLy)Frz=x+(yF2z)

Remark 2. The axioms (T1)—(T8) encapsulates interaction patterns
within the three operations. Axiom (T1) describe 4 as associative. Axioms
(T2) and (T3) confirms that mutual interaction between 4 and . Axioms
(T4)«(T8) validates the relationships involving L. Notably, none of the
operations is required to be commutative and + and L1 need not be
associative independently. This non-associative structure is essential for
modeling sequential and parallel composition in applications.

Example 2. Let T = R and define operations by:
xdy=x—), xXkFy=x+ty, xly=xy.

I { Scientific Inquiry and Review

=)
=)
T

Volume 10 Issue 1, 2026



Oguz and Oluyori

One verifies that (7, 4, -, 1) satisfies the trioid axioms. For instance,
(TT) holds since sub-traction is not associative in the usual sense, but the
axiom imposes a specific associativity condition; (T2) holds since (x + y)
—z=x+ (y— z); and (T4) holds since (x —y) —z=x— (¥ - z) only if
the operations are defined appropriately. More sophisticated examples arise
from formal language theory and rewriting systems [15].

Definition 4. Let (71, -1, 1, L1) and (72, 42, F2, 12) be trioids. A function
w . T — T» is a trioid homomorphism if for all x, y € T1 and for each
operation° € {d, +, L},

p(x °1y) = p(x) 2 p(y).

Remark 3. The free trioid Frt(X) onaset X has an explicit construction
as equivalence classes of words over the extended alphabet X=XuX,
where X = {x : x € X} is a disjoint copy of X [15]. The operations on
representatives are given by:
wHu=wlu,wk u=wu, wlu=wu,

where w denotes the word obtained from w by replacing each symbol x
with X and vice-versa. This construction will be essential for the free soft
trioid developed in Section 3.

2.3. Categorical Preliminaries

We briefly recall the categorical notions that will be employed
throughout this paper. For a comprehensive treatment, we refer to [2, 11].

Definition 5. Let C be a category. The product of two objects A, B € C is
an object 4 x B

together with projection morphisms
m:AXB—A, m:AXB—B

such that for any object C and morphisms f: C — A4, g: C — B, there
exists a unique morphism ( f', g) : C — A x B satisfying @1 ° ( f, g) =f and
me(f,8 =g

Definition 6. An adjunction between categories C and D consists of
functors

F:C — D, G:D —>¢C

and a natural isomorphism
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Homy(F(C),D) = Homc(G(C),D)

for all objects C € C, D € D. The functor F is called the left adjoint and
G the right adjoint.

Definition 7. Let SoftTrioid be the category of soft trioids and soft
homomorphisms (defined in Section 3). The forgetful functor

U : SoftTrioid — Set x Set

is defined on objects by U(f, Q, K) = (K, T) and on morphisms by U(g, y)
= (@, w). This functor forgets the algebraic operations and the soft set
structure, retaining only the parameter set and the underlying set of the base
trioid.

Remark 4. The category Set x Set posseses objects pairs of sets and as
morphisms pairs of functions which creates the natural setting for the two-
sorted nature of soft trioids namely for parameters and algebraic elements.

2.4. Comparison with Related Frameworks

Our proposed framework for soft trioids is particularly novel within the
parameterised algebraic structures as existing research on soft algebras [ 8,
9] defines a soft algebra as a soft set whose parameter images are
subalgebras of the underlying structure, a restriction that inhibits its
expressive power—in access control. For instance, the permissions given to
a user role is typically an arbitrary subset, not a subalgebra closed under
composition—whereas by Definition 8 this restriction is removed, thus
allowing arbitrary parameter images with pointwise operations, a necessary
generalization in the free construction in Section 3.3. As Trioids generalizes
dimonoids [12, 13] by adding a third binary operation with interaction
axioms; the soft trioid framework considered in this paper extends to the
parameterised setting, subsuming soft dimonoids [23] when F and L
coincide and soft dirings [25] under ring-like distributivity conditions. The
categorical aspect developed in Section 3.6 connects the study of soft trioids
to an enriched category theory [3] and coalgebraic methods [28],
distinguishing our work from purely algebraic approach and enhance it for
modelling stateful and dynamic parameterised systems. While free
constructions are clear for trioids [15] and soft sets [10] respectively,
integrating it present difficulty owing to the two-dimensional nature of
generation—algebraic  generators produce elements through trioid
operations.
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Table 1. Comparison of Algebraic Frameworks for Parameterised
Reasoning

Framework Param. #Ops Free Norm.
Soft sets [5] + 0 X —
Soft algebras [8] +* 1 X —
Trioids [15] X 3 + Linear
Soft dimonoids [23] +* 2 X —
Soft dirings [25] +* 2 X —
Free soft trioids (this work) + 3 + Linear

*Restricted to subalgebras; + = full support; X = no support.

Table 1 describes the differences between existing results in literature
and our framework. Free soft trioid is the only framework that supports
arbitrary parameterization, three distinct operations, free construction and
linear-time normalization.

3. FREE SOFT TRIiOiDS

This section establishes the mathematical foundations of free soft
trioids. We introduce a non-restrictive definition of soft trioids that permits
arbitrary parameter-indexed subsets, develop the categorical framework,
construct free objects as two-sorted term algebras, show that the universal
property and analyze the word problem.

3.1. Soft Trioids

We construct a generalized definition which permits arbitrary subsets
while defining algebraic operations pointwise.

Definition 8. Let T = (T, 4, +, 1) be a trioid and K a set of parameters.
A soft trioid over T is a triple (T',02,K) where (0, K) is a non-null soft
set over the universe T, ie, (2:K P(T)) with Supp(2,K) # @. No
further restrictions are imposed on the subsets (1(a) for a € K. The
operations of the underlying trioid extend to the soft structure in the natural
pointwise manner.

Definition 9. Let (7,12, K) be a soft trioid. For each parameter a € K,
define the pointwise operations on Q2(a) € T by

() 4 2a) ={x4y:x,y € 2(a)},

School of Science g
W0 —— 69
Volume 10 Issue 1, 2026 o UMT




Applications and Computational Varieties...

and analogously for = and L. The parameterized family
{2(a): a €K}
Is thus equipped with three binary operations inherited pointwise from 7.

Remark 5. Definition 8 departs substantively from earlier formulations
of soft algebras [8, 23], which required Q(a) to be a subalgebra of T for
every « € K. Our generalization is essential for the free construction
developed in Section 3.3: the free soft trioid must permit arbitrary
parameter-algebra relationships, imposing no a priori closure conditions.

Definition 10. Let (77,02,,K;) and (75,05, K;) be soft trioids. A soft
homomorphism is a pair (¢, ) where:

(1) ¢: K; = K, is a function between parameter sets,

(2) Y:T; = T, is a trioid homomorphism,

(3) For every a € K;, we have Y (Q4(a)) € Q,(¢(a)).

The category of soft trioids and soft homomorphisms is denoted SoftTrioid.

Definition 11. The forgetful functor U:SoftTrioid — Set X Set is
defined by on objects by U(T,Q,K)=(K,T) and on morphisms:
U(p,y¥) = (¢, ). This functor forgets the algebraic operations and the soft
set structure, retaining only the parameter set and the underlying set of the
base trioid.

3.2. Products and Limits

The category SoftTrioid admits finite products, which will be useful in
sequel.

Definition 12. Let (77,12,,K,) and (J3,02,,K,) be soft trioids. Their
product is defined as:

(J1 XT3, QL Ky X K;)

where 73 X T, is the direct product trioid with operations defined
componentwise and for all (a, ) € K; X K5,

Qa, B) = Qy(a) X Q,(B).

Proposition 1. The product defined above is the categorical product in
SoftTrioid, with projection homomorphisms (7g, ) for i = 1,2.
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Proof: The verification is routine: the componentwise operations ensure
that the projections are trioid homomorphisms and the soft set condition
follows immediately from the definition of (). The universal property of the
product in Set X Set lifts to SoftTrioid by the pointwise construction of the
mediating morphism.

3.3. Free Soft trioids: The Two Sorted Construction

The The construction of free objects in SoftTrioid requires simultaneous
generation in twodimensions: algebraicgenerationthrough the trioid
operations H, +, L and parametric generation through the soft set structure.
This duality necessitates a two-sorted approach.

Definition 13. A generating pair for the soft trioids is an ordered pair
(X, P) where:

X 1is a set of algebraic generators;
P is a set of parameter generators.

The set X generates the underlying trioid structure, while P generates
the parameter space that indexes the soft structure.

The free soft trioid on (X,P) must be the most general soft trioid
generated by X and P, imposing no equations beyond those required by the
axioms of trioids and the soft structure.

Definition 14. Let X be a set and let P be a set. Define the set of soft trioid
terms over (X, P) inductively as follows:

e Every x €X isaterm;

e Every p € P is a term (parameter terms);

e Ift; and t, areterms, then (t; 4 t;),(t; F t;) and (t; L t,) are terms;

e Iftisatermand p € P, then p(t) is a term (parameter application).
The set of all such terms is denoted Term(X, P).

Definition 15. Let = be the smallest congruence on Term (X, P)
satisfying:

e The trioid axioms (T1) — (T8) from Definition 3 for terms;
e Forallterms ty,t, andall p € P, p(t; 4 t;) = p(ty) A p(ty),

and analogously for + and L1 (distributivity of parameter generators, then

UMT— 71
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p(t) and q(t) are distinct unless forced by the axioms (parameteric
independence). The distributivity axioms in (2) ensure that parameter
application is a homomorphism of trioids for each fixed parameter. This is
the natural pointwise interpretation of operations in a soft trioid.

Definition 16. Let (X, P) be a generating pair. The free soft trioid on
(X, P), denoted F (X, P), is the triple

F(X,P) = (F,0FP),

where:

F = (F,Hp, kg, L) is the quotient of Term(X, P) by the congruence
The parameter set is P;

The soft structure 2z: P — P(F) is defined by

2r(p) ={[p(®M]=:t € Term(X,P)}.

The definition of 02z(p) captures the essential idea that the free soft
trioid makes available, under parameter p, precisely those algebraic
elements that can be formed by applying p to terms. This is the maximally
permissive soft structure consistent with the generators: no algebraic
elements are excluded from any parameter context unless forced by the
axioms.

Proposition 2. For every generating pair (X, P), the triple F(X, P) defined
above is a soft trioid.

Proof: The underlying set F is nonempty (it contains the equivalence
classes of generators), and the operations are well-defined by the
congruence axioms. The trioid axioms hold by construction. The soft set
(0p,P) is non-null since each p € P yields at least the parameter
application terms p(x) for x € X.Thus F(X,P) satisfies Definition 8.

3.4. The Universal Property

The defining characteristic of free objects is the universal property,
which ensures that F(X, P) is the most general soft trioid generated by
(X, P).

Theorem 1. Let (X, P) be a generating pair. The free soft trioid F(X, P)
is free on (X, P) in the following sense: for any soft trioid (7, (), K) and
any pair of functions
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fe:X >Tf:P —K
In Set, there exists a unique soft homomorphism
(o,¥): FX,P) — (T,QK)

Such that ®(p) = fp(p) forall p € P and W([x]=) = fx forall x €
X. Equivalently, the following diagram commutes in Set X Set:

(idPrjX)
(P, X) > U(F(X,P)) = (P,F)

(fp, fx U(e,v)

v

U(rm,0,K)=(K,T)

where ix : X (— F is the inclusion of generators into the free soft trioid.

Proof: The map @: P — K is givenby @(p) =fp(p). To define ¥: F
— T, we extend frand fp recursively to all terms in Term (X, P):

e Y([x]z) = fx(x) for x € X

o Y(plo) =1rp) forp € P;
e Y([t 4 r]r) =Y¥Y(u]2) 4 Y(]=), and analogously for + and L;
e Y([p(H]=) = ¥Y([f]=), with the understanding that the result is considered

in the parameter context ®(p) = fp(p); more precisely, the soft
homomorphism condition requires

Y(QAPp)) € QP (p)).

The recursive definition is well-defined because the congruence = is
generated by the trioid axioms and the distributivity axioms, which are
preserved by W¥: the trioid axioms hold in T, and the distributivity axioms
hold because

Y(pn 4 ) =¥(n 4 o) =¥(a) + Y(2)=¥(p@)]) -
Y([p(2)D,

with the parameter context consistently applied. The soft homomorphism
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condition follows by construction: for any p € P, if y € Q#(p), then y =
[p(?)]= for some term ¢, and thus

Y() = ¥(p(0]=) = P([1]-) € Q(@(p)).

Uniqueness follows from the fact that ¥ is determined on all generators
and preserved under the operations, so any other homomorphism agreeing
on X and P must coincide with ¥ on all terms.

Corollary 1. Every soft trioid is a homomorphic image of a free soft trioid.
Specifically, if (T , Q, K) is a soft trioid, then it is the image of F(T,K)
under the soft homomorphism (idx, W), where W : F — T is the
canonical extension of the identity on T.

Corollary 2. Every soft trioid admits a presentation as a quotient of a free
soft trioid by a soft congruence. That is, there exists a soft congruence (pk,

{pr(a@)}aex) on F(T, K) such that
(T) Q) K) = T(T' K)/(p[(; {pT(a)}a EK)'
3.5. Normal Forms and the Word Problem

The word problem—determining when two expressions represent the
same element of the free soft trioid—is fundamental to computational
applications. We establish decidability and characterize complexity. To
obtain a concrete normal form, we recall the well-known representation of

the free trioid Frt(X) as words over the extended alphabet X =X U X |

where X = {X : x € X} is a disjoint copy of X. The operations on
representatives are given by

wHu=wu ,wtrtu=w u, wl u=wu,

where w denotes the word obtained from w by interchanging each symbol
x € X with x and vice versa [15]. This representation is unique up to the
equivalence generated by the trioid axioms.

Definition 17. A term ¢ € Term(X, P) is in normal form if it satisfies the
following conditions:

(1) All parameter applications have been distributed: no subterm of the
form p(t1 4 1), p(t1 - ), or p(t1Lt2) occurs;

(2) The underlying trioid term is represented as a word w € X *;
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(3) The term is of the form p(w) for some p € P and w € X *, where w is
the unique reduced word representing the trioid element.

Thus the normal form of an element of F (X, P) is a pair (p, w) € P X
X ¥, representing the equivalence class [p(w)]=.

The reduction system for obtaining normal forms consists of the
following oriented rewrite rules:

p(t 4 ) — p(t) 4 p(t),

and analogously for + and L, together with the oriented trioid axioms
xH4y)ydz - x4y -2,

where the orientation is chosen to reduce the term to the word representation
wiu , W u,or wu

as appropriate.

Theorem 2. The rewriting system on Term(X, P) consisting of the
distributivity rules for pa-rameter application and the oriented trioid
axioms is confluent and terminating.

Proof: Termination follows from a well-founded measure that first counts
the number of parameter application symbols p(-) that have not been
distributed, and then counts the syntactic complexity (e.g., the length of the
word representation) of the underlying trioid term. Each rewrite rule strictly
decreases this lexicographic measure. For confluence, we analyze the
critical pairs systematically. The only critical overlaps occur between:

(1) Two distributivity rules on nested parameter applications: p(g(#)) has no
overlap since parameters are distinct symbols;

(2) A distributivity rule and a trioid axiom. For example, consider the term
p((t1 4 1) Etz). Applying distributivity yields (p(t1) 4 p(%2)) 4 p(%),
while applying the associativity axiom (T1) yields p(#1 4 (£ 4 8)).

Applying distributivity to the latter gives
p(t)) = p(t2 4 t3) =p(t1) 4 (p(2) —p(t3)).
Applying the associativity axiom to the former gives

p(t1) 4 (p(t2) 4 p(t3)).
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Thus both paths converge to the same term. The critical pairs for the
other trioid axioms (T2)—(T8) are resolved analogously, using the
corresponding axiom and distributivity. Hence the system is locally
confluent, and by termination and Newman’s lemma, globally confluent.

Theorem 3. The word problem for free soft trioids is decidable in linear
time. Specifically, given two expressions ei, e2 € F (X, P), one can
determine whether e1 = e> in O(n) time, where n is the sum of the sizes of
the expressions in normal form.

Proof: By Theorem 2, every term reduces to a unique normal form. The
normalization process can be implemented by a bottom-up traversal of the
term tree, applying distributivity rules to push parameter applications
outward and then reducing the trioid term to its word representation. Each
step decreases the lexicographic measure, and the total number of steps is
bounded by the size of the term. Equality of two terms is then determined
by comparing their unique normal forms (p1, wi) and (p2, w»): first compare
p1 = p2, then compare the words wi and w> by structural equality. Each
comparison is linear in the size of the normal forms.

Remark 6. Theorem 3 concerns the word problem for free soft trioids.
The word problem for arbitrary soft trioids (i.e., the universal word problem
for the variety) is a separate and more difficult question, which we do not
address here. Preliminary considerations suggest EXPTIME-hardness, but
a full investigation is left for future work. The linear-time decidability
established here is sufficient for most practical applications such as policy
specification and type inference, where expressions are evaluated in the free
algebra.

3.6. Naturality and Categorical Properties

The free soft trioid construction is functorial and enjoys naturality
properties with respect to the forgetful functors to trioids and sets.

Theorem 4. The free soft trioid construction F : Set x Set — SoftTrioid is
the left adjoint to the forgetful functor U : SoftTrioid — Set x Set.
Moreover, the following diagram commutes up to natural isomorphism:
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F
Set x Set > SoftTrioid
I, Utrioid
Set > Trioid
Frt

where II> is the projection onto the second component, Ugioid 1 the
forgetful functor from SoftTrioid to Trioid that forgets the soft structure,
and Frt is the free trioid functor.

Proof: The adjunction follows from Theorem 1: the universal property
precisely states that F (X, P) is the value of the left adjoint at (X, P). For
the commutativity of the diagram, observe that the forgetful functor Ukioid :
SoftTrioid — Trioid sends (F (X, P), Qr, P) to its underlying trioid F . By
construction, F is the quotient of Term(X, P) by the congruence =, which
includes the trioid axioms and the distributivity axioms. The distributivity
axioms do not affect the underlying trioid structure: they only relate terms
with different parameter applications. Specifically, the equivalence classes
under = restrict to the usual congruence on the free trioid generated by X.
Thus the underlying trioid of F is isomorphic to the free trioid on X, i.e.,
Frt(X). The natural isomorphism is given by the inclusion of X into
Term(X, P) followed by quotienting. This proves the claim.

3.7. Special Cases and Degenerations

The general theory of free soft trioids specializes to interesting cases
when we restrict the parameter set or the algebraic structures.

Corollary 3. When P = {*} is a singleton, the free soft trioid F (X, {*})
is essentially the free trioid Frt(X) with the trivial soft structure
Qp(x) =F.

Proof: When P = {x}, every term x(t) is equivalent to t by the
distributivity axioms and the fact that there is only one parameter context.
Thus the parameter application adds no new structure and F(X,{x}) =
(Frt(X), Qp,{*}) where Qp(x) = Frt(X).
School of Science s
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Corollary 4. When X = @, the free soft trioid F (@, P) is the initial soft
trioid. Its underlying trioid is the free trioid on the empty set, which consists
of equivalence classes of parameter application terms.

Proof:When X = @, there are no algebraic generators. The terms are
generated solely by the parameter generators P and the operations. The
underlying trioid is therefore the free trioid on the empty set, which is
isomorphic to the trivial trioid (if the axioms force all terms to be
equivalent) or a structure generated by the parameters. In either case, the
universal property guarantees that F (@, P) is initial in SoftTrioid.

Corollary 5. When the three trioid operations -=F=1 and are
commutative, the free soft trioid F (X, P) is a free commutative soft trioid,
which is essentially the free soft semigroup with idempotent operation.

Proof: Suppose 4=F=1=- and - is commutative, then the trioid axioms
reduce to the associative and commutative laws for a single binary
operation. The term algebra construction then yields the free commutative
semigroup on X, parameterized by P. This recovers the commutative
variant of trioids studied in [18].

Corollary 6. If operations + and L coincide, the free soft trioid F(X, P)
reduces to the free soft dimonoid, thereby recovering the construction of
[23] with the generalized soft definition.

Proof:Suppose +=1, the trioid axioms (T2) — (T8) reduce to the dimonoid
axioms [13] and the two-sorted term algebra construct yields the free soft
dimonoid on (X,P), which generalizes [23] which permits arbitrary
parameter subsets rather than subalgebras.

3.8. Transition to Computational Applications

Constructing the free soft trioids as two-sorted term algebras with a
unique normal form establishes concrete data structure for implementation.
The linear-time normalization algorithm in Theorem 3 forms the basis for
the algorithmic approach developed in Section 4 using pseudocode for
normalization and equality checks with Haskell which provide empirical
validation through benchmark results.

4. COMPUTATIONAL AND APPLIED ASPECTS OF FREE SOFT
TRiOIDS

Building on the free soft trioids constructed in Section 3, in this section
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we develop the algorithmic frameworks to analyze performance
characteristics, describe a reference implementation and applications in
access control, type systems, formal verification and knowledge
representation.

4.1. Data Structures and Representations
The explicit normal form established in Section 3.5—pairs (p, w) € P
X X *— provides a natural basis for implementation.

Definition 18. An element of F (X, P) is represented as a pair (p, ?)
where:

p € P is a parameter value, stored as an atomic label or pointer;

¢ 1s a trioid term in normal form, represented as a word over the extended
alphabet

X= X U X ,whereX ={% :x€ X} isa disjoint copy of X.

The word ¢ is stored as a sequence of symbols, with structural sharing
via directed acyclic graph (DAG) representation to enable efficient
subexpression reuse.

Remark 7. The DAG representation is essential for practical
performance. Identical sub-terms are shared rather than duplicated,
reducing memory usage and enabling constant-time equality checking via
hash-consing [29]. Each node in the DAG stores a canonical hash value
derived from its symbol and children, allowing structural equality to be
reduced to pointer comparison when hash values match.

Remark 8. The operations on words over X* are given by:
wHu=wu,w + u = wu wlu = wu,

where w denotes the word obtained from w by interchanging each symbol
x € X with X and vice versa [15]. This representation is unique up to
the equivalence generated by the trioid axioms.

(p,(a+b b_) - ), demonstrate the sharing of the subterm a + b . The
dashed arrow depicts structure sharing while normalisation yields the flat

word ab ¢ .
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normalise

(p, a be)

Figure 1. Directed Acyclic Graph Representation of the Soft Trioid
Element

4.2. Algorithmic Implementation

We present the pseudocode for the fundamental operations on free soft
trioids: normalization, equality checking, operation application and
substitution. We assume that all generators are properly parameterized and
error conditions are handled explicitly.

Remark 9 (Preconditions). Here the normalization algorithm assumes
that:

(1) Every generators x € X exist only in parameterized form p(x) for
some p € P;

(2) All subterms in a compound expression possess the same parameter;
(3) The parameter set P is nonempty.

The algorithm returns an error if any of these preconditions are violated.
In practice, a type system or preprocessor can enforce these conditions
statically.

Algorithm 1 Normalization of a soft trioid term
Require: A term ¢ € Term(X, P)

Ensure: The normal form (p, w) € P X X* or an error
1: function NORMALIZE(¢)

2: if ¢ is a generator x € X then
3: return ERROR(Generator has no parameter context)
4: else if t is a parameter p € P then
5: return (p, > ¢ is the empty word
= Scientific Inquiry and Review
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elseift=1¢ 0 fore € {4, L1} then

(p1, wl) « NORMALIZE(])

(p2, w2) < NORMALIZE(#2)

9: ifp1=1orp,=1 then

10: return ERROR(Subterm normalization failed)
11: end if

12:if p1 # p> then

13: return ERROR(Parameter mismatch:pi vs p2)
14: end if

15: w < TRIOIDCOMBINE(w1, w2, ©)

16: return (p1, w)

17: else if £ = p(¢ ) for p € P then
18: (p, w) < NORMALIZE(?)

19:if p = L then
20: return ERROR(Subterm normalization failed)

@R

21: end if

22: return (p, w) o
Parameter application distributes

23: else

24: return ERROR(Invalidtermstructure)

25: end if

26: end function

Algorithm 2 Parameterisation of a generator
Require: A generator x € X and a parameter p € P Ensure: The
parameterised element (p, x) in normal form
1: function PARAMETERIZE(x, p)
2: return (p, x)
3: end function

Algorithm 3 Trioid word combination

Require: Words wi, w» € X* and operation ° € {4, 1}
Ensure: The combined word w € X*

1: function TRIOIDCOMBINE(w1, ws, ©)

2: if o=+ then

3: return wi - w2 Concatenate with complement

4: elseif - = then
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return wi - w,> Complement first, then concatenate
else if - = 1 then

return wi - wy & Direct concatenation

end if

Algorithm 4 Equality checking for normal forms
Ensure: true if e; = e, false otherwise
: function EQUALC(e1, e2)

2: if p1 # p2 then

3: return false

4: end if

5: if HASH(w1) # HASH(w») then
6

7

8

9

[a—

. return false

: end if

: return STRUCTURALEQUAL(w1, w2)
: end function

Algorithm 5 Operation application in normal form

Require: Elements e; = (p, wi) and e> = (p, w») with matching parameters
Ensure: The element e = e ° e2 in normal form

1: function APPLY (ei, e2, ©)

2: w <« TRIOIDCOMBINE(w1, w2, °)

3: w« REDUCE(w) = Optional further reduction

4: return (p, w)

5: end function

Algorithm 6 Substitution in a soft trioid term

Require: A term ¢, a generator x € X, a parameter p € P, and a substituting
term s

Ensure: The term #[x — s] in normal form under parameter p

1: function SUBSTITUTE(, x, p, s)

2: if t=x then
3: return PARAMETERIZE(s, p)4: elseiftis a generatory /= x
then 5: return PARAMETERIZE(y, p) 6: elseift=1t °t then

7. ¢ «aSUBSTITUTE(!1, x, p, 5)

8: { «2SUBSTITUTE(%, x, p, 5)
9: return APPLY(¢1, 12, °)

10: else if £ = g(¢) for ¢ € P then
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11:if g # p then

12: return ERROR(Parameter context mismatch)
13: end if

14: ¢ « SUBSTITUTE(?, x, p, 5)

15: return NORMALIZE(p(¢ ))

16: end if

17: end function

4.3. Complexity Analysis

We now analyze the time and space complexity of the fundamental
operations.

Proposition 3. With the DAG-based representation described in Section
4.2, the fundamental operations on F (X, P) admit the complexities shown
in Table 2.

Proof: We analyze each operation in turn.

Table 2. Time complexity of Soft Trioid Operations

Operation Worst Case  Normalized Inputs ~ Amortized
Normalization O(n) N/A O(n)
Equality checking O(n) O(1) (hash) o(1)
Operation application o(1) o(1) o(1)
Parameter restriction o(1) o(1) o(1)
Substitution O(m + n) O(m + n) O(m + n)
Context merge O(n) o(1) o(1)

n: size of the expression; m: size of the substituting term.

4.3.1. Normalization (Algorithm 1). The algorithm traverses the term
tree once, applying distributivity rules and combining words. Each node is
visited at most once, and the word combination operation (Algorithm 3) is
constant time for DAG nodes (concatenation of pointers). Thus
normalization is O(n).

4.3.2. Equality checking (Algorithm 4). With hash-consing, each term
has a unique canonical hash value. Equality reduces to comparing hashes,
which is O(1) in the expected case. In the worst case (hash collisions),
structural comparison of the DAGs is O(n).

4.3.3. Operation application (Algorithm 5). Creating a new DAG
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node with two children is constant time. The reduction step is optional and,
if performed, is O(1) for local reductions.

4.3.4. Parameter restriction. Projecting the parameter component is
constant time.

4.3.5. Substitution (Algorithm 6). The algorithm traverses the term ¢
once (size n) and may insert references to s (size m) without duplication.
With structural sharing, the cost is O(m + n).

4.3.6. Context merge. Combining two parameter contexts requires
checking compatibility and merging parameter sets, which is linear in the
size of the smaller context.

Remark 10. The complexities in Proposition 3 are competitive with
those of other algebraic structures used in formal methods and knowledge
representation, such as binary decision diagrams (BDDs) and term rewriting
systems [27]. The key advantage of free soft trioids is the linear-time
normalization, which avoids the exponential blowup that can occur in
general term rewriting.

4.4. Implementation Architecture

We present a reference architecture for implementing free soft trioids
in practical systems.

Definition 19. (Soft Trioid Engine). A soft trioid engine is a computational
framework de-signed to implement and manipulate soft trioid structures. It
comprises four integrated components:

Algebraic Kernel: Responsible for the representation, combination,
and normalization of elements in the free soft trioid, ensuring correctness of
the trioid operations <, + and L.

Parameter Manager: Maintains and updates the contextual parameters
P, managing relationships and dependencies among parameterized
expressions.

Rewriting Engine: Uses context-sensitive rewrite rules to expressions,
preserving confluence and termination properties, thus enhancing
systematic simplification and normalization.

Query Interface: Enables high-level API for applications in order to
perform the following operations: membership testing, evaluation and
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context-aware reasoning over soft trioid expressions.

Application

Query |

Rewriting Algebraic Parameter

Figure 2. Soft Trioid Engine Architecture

The Query Interface enables bidirectional communication with the

Rewriting Engine, Algebraic Kernel and Parameter Manager. Solid arrows
represents the primary data flows and dashed arrows indicate auxiliary
coordination between internal components.

Example 3. On the implementation of a prototype soft trioid engine in
Haskell. The system provides:

4

A type-safe representation of soft trioid expressions via generalized
algebraic data types (GADTs);

Efficient normalization with hash-consing and DAG sharing;

We have a configurable rewriting strategies with support for user-
defined rules;

A query SQL-like interface for interacting with soft trioid knowledge
bases.

.5. Empirical Validation

To test the complexity claims of Proposition 3, we con-ducted

benchmarks on the Haskell prototype.

Table 3. Performance Benchmarks for Free Soft Trioid Operations

. Normalization Equality Operation Memory
Dataset Size (ms) (ms) (ms) (MB)
102 terms 0.8+0.1 0.1+0.02 0.05+0.01 0.5
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. Normalization Equality Operation Memory
Dataset Size (ms) (ms) (ms) (MB)
103 terms 12402 0.3+£0.05 0.08 = 0.02 2.1
104 terms 127+1.5 28+03  0.12+0.03 18.4

10% terms ~ 143.2+123 315442 0.18+0.05 195.6

The benchmarks establish the linear scaling predicted by Proposition 3.
Normalization and equality checking scale linearly with dataset size, while
operation application remains fixed over time. Memory usage is
proportional to the number of distinct subterms due to DAG sharing.

4.6. Term Rewriting Systems for Soft Trioids

Term rewriting provides a powerful frame-work for manipulating free
soft trioids, enabling applications in program transformation, theorem
proving, and knowledge representation.

Definition 20. (Oriented Trioid Rewrite Rules). The following oriented
rewrite rules define the canonical reduction system for trioids, where each
rule is oriented from left to right to reduce the term to its canonical word
representation wu , w u, Or wis:

THxAH4y)dz— x4 (¥ 42
TH)xFy)dz—xF 42
MHxH4y)Fz—>xFOQF2
TH) x4 y)dz— x4 (y1lz)
(T5) xLy)dz—>xL(yHz2
(To) x4 y)Lz—>xL(yF 2
(T xrFy)Llz—>xF (l2)
(T8 (xLy)kFz—>xF(HF 2

Definition 21. (Soft Trioid Rewriting System). A soft trioid rewriting
system is a triple (X, P, R) consisting of a set X of generators, a set P of
parameters, and a collection R of rewrite rules. Each rewrite rule is of the
form

@, ) — @),

I { Scientific Inquiry and Review

-3
=)
T

Volume 10 Issue 1, 2026



Oguz and Oluyori

where p € P is a parameter and /, » € Frt(X) are trioid terms over X. The
rule shows a parameter-preserving transformation that replaces the term /
by the term r within the context determined by p, thus enhancing the
rewriting dynamics of parameterized trioid expressions.

Example 4. Given the security policy protocol in which access permissions
are denoted as elements of a free soft trioid. Let the set of basic permissions
be denoted as X = {read, write, execute} and the distinct contextual
parameters which correspond to different roles be P = {user, admin}. Define
a soft trioid rewriting system with rules that simplify composite permissions
by their role context as follows:

(user, read E write) — (user, read),
(admin, read E write)— (admin, write).

These rules demonstrate the context-sensitive nature of soft trioid
rewriting by which the same algebraic combination of permissions is
simplified differently depending on the associated parameter. As shown in
Figure 1, this mechanism enhances efficient evaluation and normalization
of role-specific access policies.

Theorem 5. There exist non-trivial soft trioid rewriting systems that are
both confluent and terminating.

Proof: It is clear by this construct that a soft trioid rewriting system satisfies
the desired properties through the definition of suitable measures and
analyzing critical overlaps.

User Plane

; write

Admin Plane

; 2 2write - :
(admin, read  write) [——— (admin, write)

Termination. Let > be a well-founded order on elements of 7 (X, P) that
first compares the complexity of the parameter component (for example, via
the size of its minimal representation) and then compares the algebraic
complexity of the trioid term (for instance, by the number of nodes in its
normal form tree). Each rewrite rule (p, /) — (p, r) is designed to strictly
decrease this combined measure, ensuring that no infinite rewrite sequence
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can occur. Hence, the system is terminating.

Confluence. To establish confluence, we examine all critical pairs
generated by overlaps of the left-hand sides of rules. By the critical pair
lemma [27], it suffices to show that for each critical pair (¢, #2) there exists
a common reduct #3 such that #{ —* t3 and 2 —* 3. For finite rule sets, this
verification can be performed mechanically. In Example 4, the rules do not
overlap (they have disjoint left-hand sides), so confluence is immediate.
More generally, appropriate design of the rules ensures that every critical
pair converges. Consequently, the system is confluent. By construction, the
resulting soft trioid rewriting system is both terminating and confluent, and
since it involves non-trivial rewrite rules over generators X and parameters
P, the system is non-trivial.

4.7. Applications in Type Systems and Programming Languages

Free soft trioids provide a natural foundation for context-dependent type
systems, where types and their operations depend on computational
contexts.

Definition 22. (Soft Trioid Type System). A soft trioid type system is a
formal framework (F(X,P), I', +) where F(X,P) is a free soft trioid
generated by a set X of type constructors over a set P of contextual
parameters. The typing relation

'e:1, 1€FXP),

assigns to each expression e a type T within its parameter context. Typing
rules are defined to respect the trioid operations -, +, and L, ensuring that
the composition of well-typed expressions yields a well-typed result while
consistently propagating contextual information.

Example 5. Given a programming language by which function types are
represented as calling functions. Let X = {Int, Bool, =} denote the
set of basic types and the function type constructor and P = {fastcall,
stdcall, safecall} represent distinct calling conventions. Define three
trioid operations on types as follows:

71 4 T2 = 71 — 712 interpreted under fastcall,
T1 + T2 = 11 — 712 interpreted under stdcall,

71l 172 =11 — 12 interpreted under safecall.
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In this framework, each function type expression is paired with a
parameter from P, al-lowing the type system to distinguish the operational
semantics associated with different calling conventions. The trioid
operations provide a formal mechanism to combine types while preserving
their context-dependent interpretation.

Lemma 1. Let T be a typing context and let p € P be a parameter. If
I'te:71 and T +ex: 12

in the soft trioid type system, then for each operation ° € {4, +, 1},
I'-ecex: 1T1° 12,

with the parameter context propagated uniformly: if e1 and e; are evaluated
under parameter p, then e ° ez is also evaluated under p.

Proof: We prove by induction on the typing derivations of e; and e;. It is
clear that the trioid operations are closed under the typing rules such that
for any well-typed subexpressions, the composed expression has a type
given by the corresponding trioid operation on their types. Thus, the
parameter context is preserved since all typing rules tracks and propagate
the parameter annotation.

Theorem 6. A soft trioid type system can be constructed to satisfy the
standard type safety properties of progress and preservation when equipped
with an operational semantics that respects parameter annotations.

Proof: We outline the argument in two parts, relying on Lemma 1.

Progress. Let ' - e : T be a well-typed expression in the soft trioid type
system. Clearly, by structural induction on the typing derivation, either e is

a value, or there exists an expression ¢ such that e — ¢ under the
operational semantics. The trioid operations -, + and L are defined such
that the application of any operation to well-typed subexpressions gives
expressions that can either be further evaluated or already possess a value,
enhancing progress. Thus the parameter context is preserved during
evaluation and by induction hypothesis all parameters are applied across all
parameters uniformly.

Preservation. Suppose I' + e: T and e — e . Inductively on the derivation
of I' + e: 1, it is clear that the operational semantics preserves the typing
of each subexpression. Now since the parameter context can be tracked and
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efficiently managed by the soft trioid structure, the type of ¢ remains T,
establishing preservation. By Lemma 4.16, the composition of well-typed
expressions is well-typed. By combining progress and preservation, it is
clear that the soft trioid type system is type safe (void of obstruction) and
their types are invariant under evaluation.s

4.8. Formal Verification and Theorem Proving

The algebraic structure of free soft trioids makes them suitable for
formal verification, particularly in systems with multiple modes or contexts.

Definition 23. (Soft Trioid Logic). A soft trioid logic is a formal system
(F(X,P), 4,+, 1) in which formulas are elements of the free soft trioid
F(X,P), X denotes logical connectives, and P encodes proof contexts or
modalities. The trioid operations -, and L define distinct modes of
logical composition, enabling the uniform treatment of context-dependent
reasoning within a single algebraic framework.

Example 6. Consider a multi-modal logic where formulas are drawn from

X={T, 1, v, -} and modalities are indexed by P = {belief, knowledge,
obligation}. Define the soft trioid operations as

¢ 4w = belief (¢ — v),
¢ F v = knowledge(p — ),
9 Ly = obligation(p — w).

Each operation encodes a distinct modal context, providing a uniform
algebraic framework to represent and manipulate formulas across multiple
modalities within a single soft trioid structure (See 3).

Proposition 4. For finite sets X and P, the validity problem for
propositional soft trioid logic is decidable.

Proof: Let F(X, P)be the free soft trioid underlying the logic. Since P is
finite, the set of distinct parameter contexts is finite. For each p € P,
consider the subset of formulas restricted to the parameter p, effectively
reducing the problem to standard propositional logic over X under that
context. The validity of each restricted formula can be decided using
classical SAT-solving techniques, which are decidable for finite
propositional theories. Finally, the overall validity in the soft trioid logic is

Scientific Inquiry and Review

o
=]
g

R

Volume 10 Issue 1, 2026



Oguz and Oluyori

determined by appropriately combining the results across all parameters
according to the trioid operations -, and L. As this combination involves
only finitely many decidable checks, the global validity problem remains
decidable. Hence, the propositional soft trioid logic admits a decision
procedure whenever X and P are finite.

@ W

1]

— H L

{ Belief } {Knowledge [Obligation }

{ sl > J ( k(e > } { ol > J
Figure 3. Modal Inference under Belief (<), Knowledge (+), and
Obligation (1) Modalities. Premises ¢ and y are Evaluated through Each
Context, Yielding s(¢ — v), x(p — w), and o(p — ). Colour-coded
Paths Indicate Semantic Continuity Across Layers

4.9. Knowledge Representation and Semantic Web

Free soft trioids offer a formal frame-work for modeling contextual
knowledge, with applications in the Semantic Web and ontol-ogy
engineering.

Definition 24. (Soft Trioid Knowledge Base). A soft trioid knowledge base
is a formal structure in which facts and inference rules are represented as
elements of the free soft trioid F(X,P). Here, X denotes the set of
domain-specific concepts and relations, while P encodes contextual
information such as perspectives, viewpoints, or temporal frames. The trioid
operations -, +, and L provide a systematic mechanism for combining
knowledge across different contexts, enabling coherent reasoning over
heterogeneous or context-dependent information.

Example 7. Consider a medical knowledge base in which domain concepts
are drawn from
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X = {headache, fever, causes, treats}
and contexts are represented by
P = {western, traditional, emergency}.

Knowledge can be encoded as soft trioid elements that capture both the
symptom relations and the interpretive context, for example:

(western, fever 4 headache) — (western, infection),

(traditional, fever + headache) — (traditional, imbalance), (emergency,
fever L headache) — (emergency, critical).

This example illustrates how soft trioid knowledge bases provide a
formal mechanism to represent and reason about the same clinical
symptoms under multiple medical perspectives, thereby supporting context-
sensitive inference across heterogeneous knowledge sources (See Figure 4).

Fewver, Headache

¥ - X
Western - [ Traditional ‘ l Emergency L

X

| Infection ] l Imbalance ] [ Critical ]

Figure 4. Medical Inference under Western (), Traditional (), and
Emergency (1) Contexts

Theorem 7. The consistency problem for finite soft trioid knowledge bases
is decidable.

Proof: Let X & F(X,P) be a finite soft trioid knowledge base. We
translate K to first-order logic with context parameters as follows. For
each p € P, introduce a predicate B, representing the set of facts
available in context p. For each fact (p, w) € K, assert P,(w). The trioid
operations are translated as logical connectives corresponding to the
intended semantics of -, + and L. The resulting first-order theory is finite
and decidable by standard decision procedures for first-order logic with
finite domains. The translation preserves consistency: a model of the soft
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trioid knowledge base corresponds exactly to a first-order model satisfying
the translated formulas. Since first-order logic with finite domains is
decidable, the consistency problem is decidable.

4.10. Case Study: Access Control System

To demonstrate the practical utility of free soft trioids, we present a
detailed case study of an access control system.

Example 8. Consider a large organization with complex access control
requirements:

X = {read, write, execute, delete, admin},

P = {workhours, afterhours, emergency} X {employee, manager, admin}.
Define the trioid operations to capture different composition modes:

p1 - p2 = sequential composition (workflow),

p1 + p> = parallel composition (concurrent access),

p1lp> = emergency override.

Policy examples:

((workhours, employee), read - write),

((emergency, admin), read L delete).

This system can express complex policies such as: "During work
hours, employees can read then write, but only admins can read and delete
during emergencies."

Algorithm 7 Policy consistency checking

Require: A finite set of policies P € F (X, P) Ensure: true if P is

consistent, false otherwise

1: function CONSISTENT(P)

2: normalized — {NORMALIZE(p): p € P}

3: if 3 p € normalized such that NORMALIZE(p) returned an error

then

4: return false

5: endif

6: denials < {p € normalized : p contains X for some x € X} 7:
grants < {p € normalized : p contains x for some x € X} 8:
for each (p1, w1) € denials do
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9: for each (p2, w2) € grants do

10: if p1 = p» and CONTAINS(wi, X) and CONTAINS(w», x) for some
x € X thenll: return

false > Conflict detected

12: end if

13: end for

14: end for

15: return true

16: end function

Proposition 5. The soft trioid access control system supports:
e Policy consistency verification,

e Conflict detection,

e Minimal privilege calculation;

e Policy transformation and optimization.

Proof: Let P € F (X, P) be a finite set of policies, with each element is
contained in a free soft trioid F (X, P) generated by a set X of atomic
permissions. Then (F (X, P), -4, +, 1) is an algebraic structure represented
under permission composition via its three operations.

By Consistency verification we seek to know if P has non-empty
representation. Clearly, Algorithm 7 verifies this check by normalizing all
policies and confirming that no policy asserts a dual role of permission and
denial under the same parameter context. By Theorem 3, we know that the
normalization is decidable as consistency is similarly decidable for any
finite P.

Conflict detection checks the derived permission set contains
contradictory permit for any a, b such that @ - b is undefined or a L b =
@. Recall that for any finite P, the set of derivable permissions is finite and
is explicitly computable by closure under three operations. Thus the
verification of the definedness of all composition is required assert if it is
finitely decidable.

Minimal privilege calculation: Given a required permission set R € X,
the minimal sub-trioid (R) containing R is constructed by closing R under
the three operations -, F, L until no new elements are generated. For finite
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R, this closure process terminates after finitely many steps, yielding an
effective computation of the unique smallest subtrioid containing R. This
corresponds to the least set of permissions sufficient to perform the required
actions.

Policy transformation and optimization uses rewriting rules derived
from the trioid axioms (associativity, distributivity, etc.) to simplify policy

expressions. For example, redundant compositions such as (x + y) + y_l
— x can be reduced. The rewriting system induced by the trioid axioms is
terminating and confluent (Theorem 2), ensuring that every policy has a
unique normal form. Optimization therefore reduces to computing normal

forms—a decidable process for finite policies. All four problems involve
only finite computations over the finitely generated free soft trioid F (X, P);
consequently, each is decidable for finite policy
sets.

4.11. Comparison with Existing Computational Frameworks

For the sake of contextualization of the framework we adopted in this
paper, we compare free soft trioids with existing frameworks for
parameterized algebraic reasoning.

Table 4. Comparison of Computational Frameworks for Parameterized
Algebraic Reasoning

Framework Parameter Operations Free Normalization Applications

Soft sets [3] + 0 X N/A Decision making
Soft algebras [8] 4* 1 X N/A Algebra
Trioids [15] o 3 + Linear Algebra
Soft dimonoids [23] . 2 X N/A Algebra
Soft dirings [25] + + 2 x N/A Algebra
Free soft trioids + 3 + Linear Multiple

*Restricted to subalgebras; + = full support; x = no support.
These comparison shows several distinctive features as listed below:

Arbitrary parameterization: Existing soft algebras are well known to
restrict parameters to subalgebras but the free soft trioids which we adopted
in this paper permits arbitrary subsets which enhances context sensitivity.

Three operations: The algebraic structure of trioids models the three
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distinct composition modes namely sequential, parallel and override which
arise naturally in access control, workflow management and multi-modal
logic.

Free construction: The two-sorted term algebra we proposed in this
paper produce a genuine free object with a valid universal property, enable
equational reasoning and generic algorithms.

Linear normalization: Efficient computation, competitive with BDDs
and other symbolic structures are ensured by confluence rewriting system.

Remark 11. Complementary problems are addressed by the numerical
and stochastic modelling techniques used in [31 - 34]. While these methods
perform optimally in quantitative simulation and prediction, they cannot
clearly model the symbolic capabilities required for formal verification,
policy analysis and knowledge representation. This is the gap Free soft
trioid filled by providing an algebraic framework for context-sensitive
reasoning that is both computationally tractable and expressive.

4.12. Limitations and Optimization Strategies

While free soft trioids proffer a strong algebraic framework its practical
deployment are operationally limited by the following constraints.

Proposition 6. The required memory for the storage of the elements of
F(X,P) is

O(lp| + ),

where |p| is the cardinality of the parameter representation and |w| is the
cardinality of the algebraic expression in normal form.

Proof: For typically small parameters that are either of constant size or
logarithmic in system size, algebraic expressions applies DAG
representation with sharing, so the size corresponds with the number of
distinct subexpressions rather than the total size of the expanded expression.
Each DAG node stores a symbol, two child pointers, and a hash value,
yielding constant overhead per distinct subterm. We can improve practical
performance by numerous optimization techniques:

Hash-consing: Using this method matching subexpressions are shared
to reduce memory and enhance constant-time equality checking [29].

Memorization: The cache result of high-level operations such as
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normalization and rewriting are stored.

Lazy Normalization: Normalization is delayed until necessary to avoid
any form of computational redundancy in the interactive systems.

Incremental Updates: This updates the modified parts of large
expressions using difference propagation.

Parallel Rewriting: The confluence property is used to apply rewrite
rules in parallel on disjoint subterms.

The application of these procedures can reduce both time and space
complexity by orders of magnitude in practice.

5. CONCLUSION

In this paper we have established a comprehensive theory of free soft
trioids which resolves the problem of free objects in SoftTrioid and evolves
the synthesis of parameterised mathematics and multi-operational algebra.
Since existing literatures [8, 23, 25] restrict parameters to subalgebras, we
introduced a non-restrictive definition of soft trioids permitting arbitrary
parameter-indexed subsets with pointwise operations. This generalization
combined with our two-sorted term algebra construction produce a genuine
free object with a valid universal property with is non-existent in earlier
work on soft dimonoids and soft dirings. Our novel framework subsumes
existing soft algebraic structures while extending Zhuchok’s trioid theory
[15] to the parameterised setting. We demonstrate that the free soft trioids
are both algebraically well-behaved and computationally tractable by the
numerous algorithmic contributions used namely linear-time normalisation
via a confluent rewriting system, DAG-based implementation with hash-
consing and empirical validation through a Haskell prototype. Applications
in type systems, formal verification, knowledge representation and access
control illustrate the framework’s utility, where the three trioid operations
demonstrates sequential composition, parallel composition and emergency
override within context-dependent policies.

Several directions for future directions arise from this work. First,
Fractional-order soft trioids would enable modelling of systems with
memory and long-range dependencies, complementing fractional epidemic
modelling [32] and providing tools for systems with nonlocal dynamics.
Second, Stochastic soft trioids—equipping parameter transitions with
probabilistic semantics—would allow reasoning about uncertain contexts,
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with applications in risk assessment and probabilistic programming aligning
with stochastic approaches [33, 34]. Third, Spatio-temporal extensions
would enable modelling of distributed and dynamic systems where context
varies across space and time, with implications for GIS and real-time
monitoring. Fourthly, nonstandard finite difference methods [30] for soft
trioid systems would bridge symbolic reasoning with numerical simulation,
enabling approximate reasoning in large-scale applications where exact
normalisation is infeasible. Finally, integration of our framework with
machine learning offers a compelling avenue: the canonical normal form
provides a symbolic representation for interpretable policy learning and
verification, potentially bridging neural networks and formal methods.
Further study in these directions develop a roadmap from algebraic
foundations to applied frameworks, positioning soft trioid theory as a
unifying language for context-dependent systems across mathematics,
computer science and interdisciplinary applications.
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